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ENR 202 Mechanics of Materials

Welcome to lecture summary 4b. In this lecture summary, we will continue looking
at shear force diagrams and bending moment diagrams. In the last two lecture
summaries, we learnt how to draw shear force diagrams and bending moment
diagrams using the equilibrium method based on the principles of important points.
In this presentation, we will learn a second method, the graphical method.
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weso — Requirement for students

South Australia

*To be able to draw SFD and BMD quickly and
correctly by graphical method

In this lecture summary, you will learn how to draw Shear Force Diagrams and
Bending Moment Diagrams quickly and accurately using the graphical method.
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Graphical Method (1)

Construct shear force and bending moment
diagrams based on the relations among
distributed load, shear, and moment.
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Figure 2

The graphic method is based on the relationship between shear force and external
loading and the relationship between bending moment and shear force. We can
draw the shear force diagram and bending moment diagram based on these two
relationships. The graphical method is an easier method to use.
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Graphical Method (2)

South Australia

Construct shear force and bending moment
diagrams based on the relations among
distributed load, shear, and moment.

Al TP
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Figure 1 dx
Figure 2

Let’s say that a beam is subjected to various types of lateral loads such as a uniform
distributed load ‘w’ and point load ‘P’, as shown in Figure 1. We can analyse one
small segment of the beam ‘dx’ at a distance of ‘x’ from the left support, as shown in
Figure 1. In this small segment, we have two cutting cross sections.

We have already discussed that we have two internal force actions at a cutting cross
section. They are the shear force and the bending moment. We can see positive
shear force and positive bending moment at the cutting cross section. (You should
be familiar with the sign conventions for shear force and bending moment at a
cutting cross section).

On the left cutting cross section, we have a positive shear force ‘V’ acting in an
upward direction and rotating the beam segment in a clockwise direction, and a
positive bending moment ‘M’, acting in a clockwise direction. So the top part of the
beam is in tension and the bottom part of the beam is in compression, as shown in
Figure 2.

On the right cutting cross section, we have a positive shear force ‘V plus dV’, which
is acting in a downward direction and rotates the beam segment in a clockwise
direction, and we have a positive bending moment ‘M plus dM’, which is acting in an
anti-clockwise direction. So the top part of the beam is in compression and the
bottom part of the beam is in tension, as shown in Figure 2.

The shear force and bending moment at the right side cross section is different from
the shear force and bending moment at the left side cutting cross section. The free
body diagram of this beam segment also includes the external loads acting on the
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beam segment, so we have distributed loadings acting on the beam segment as
shown in Figure2.
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i Graphical Method (3)
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The slope of the shear diagram
must everywhere be equal to the
value of the applied loading.

As you know, if the structure is in equilibrium, it means that all structural parts are in
equilibrium. Therefore, the beam segment ‘dx’ is also in equilibrium.

In this figure, we can see a positive shear force and a positive bending moment at
the left and right cutting cross sections, and the resultant uniform distributed load ‘w
times dx’. Now we can apply the equilibrium equation that is all forces in a vertical
direction are equal to zero.

The shear force ‘V(x)’ is acting in an upward direction at the left cutting cross
section. The shear force ‘V plus dV’ is acting in a downward direction at the right
cutting cross section. The resultant uniform distributed load ‘w times dx’ is acting in
an upward direction. So we get equation 1, that V plus ‘w times dx’ minus ‘V plus
dV’ is equal to zero.

Now we can see the relationship between the shear force and external distributed
load. Itis ‘w’ equal to ‘dV’ divided by ‘dx’, which means the first derivative of the
shear force is ‘w’. Therefore, the slope of the shear force diagram must be equal
everywhere to the value of the applied loading.
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Graphical Method (4)

South Australia

We may express the shear V in terms of
vertical forces w by integrating:

]'dv = _X[de —(3)
Vo, X

)

V -V, = (total vertical force from x, to x) —(4)
V =V, + (total vertical force from x, to x) —(5)

in which V, is the shear force at x, and V is
the shear force at x.

Vertical force will be positive if in up direction
and be negative if in down direction.

If you rearrange equation 2 and integrate both side of the equation, you will get
equation 3, as shown in the slide. The limits of the integration on the left side of the
equation is the shear force at the left side cutting cross section, which is ‘V0*, to the
shear force at the right side cutting cross section, which is ‘V’. The limits of the
integration on the right side of equation is the distance of the left side cutting cross
section from the left support, which is is ‘x0’, to the distance of the right side cutting
cross section from the left support, which is ‘x’, as shown in Equation 3.

Once you integrate the left side of the integration, you will find out the shear force ‘V
minus VO’, equals the right side of the integration is the total vertical force from
distance ‘x0’ to distance ‘x’, as in Equation 4.

Note that the shear force at the left cutting cross section and at a distance of x0 is
V0, and the shear force at the right cutting cross section and at a distance of x is V.

In the graphical method, we start by calculating the shear force from the left side of
the beam. Once we know the shear force at the left side of the beam, then we can
calculate the right side of the beam. The shear force at the right side of the beam
‘V’ is equal to the shear force at the left side of the beam ‘VO’ plus the total vertical
force from x0 to x’, as in Equation 5. Note that the external load acting upwards
has a positive shear force, so we use a positive sign, and the external load acting
downwards has a negative shear force. (Make sure that you are familiar with sign
conventions.)
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Graphical Method (5)

We may express the shear V in terms of
vertical forces w by integrating:

]'dv = _X[de —(3)
Vo, X

)

V -V, = (total vertical force from x, to x) —(4)
V =V, + (total vertical force from x, to x) —(5)

in which V, is the shear force at x, and V is
the shear force at x.

Vertical force will be positive if in up direction
and be negative if in down direction.

We will start with the shear force at the left side cutting cross section, then calculate
the shear force at the right side cross section. The shear force at the left side of the
beam is ‘VO’, which is equal to the shear force at the right side of the beam Vv’
minus the total vertical force from x0 to x’. If the external load is acting upwards, the
shear force is negative, and if the external load is acting downwards, the shear force
is positive. Because the external load is acting upwards, we use a negative sign.
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vy of Graphical Method (6)
wolx
T Z Mg =0
Vo Vi
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The shear everywhere is equal to the
slope of the moment curve.

We know that the beam segment ‘dx’ is in equilibrium. In this figure, we can see
positive shear force and positive bending moment at the left and right cutting cross
sections, and the resultant uniform distributed load ‘w times dx’ . Now, we can
apply the equilibrium equation which says that all force moments at the left cutting
cross section point are equal to zero.

The moment of shear force ‘V(x)’ at the left cutting cross section is zero because
‘V(xX)’ is acting at the left cross section. The moment of the shear force ‘V plus dV’
at the left cutting cross section is ‘V plus dV’ times ‘dx’ in a clockwise direction. The
moment of the resultant uniform distributed load ‘w times dx’ times ‘dx divided by
2’ is in an anti-clockwise direction. The moment ‘M(x)’ acting at the left cutting
cross section is in a clockwise direction. The moment ‘M plus dM’ acting at the right
cutting cross section is in an anti-clockwise direction as in Equation 6.  Simplify
Equation 6, and ignore the term ‘square dx’ and you will get Equation 7. Equation 7
outlines the relationship between the bending moment and the shear force, and
means that the first derivative of moment is shear force. Therefore, the shear
everywhere is equal to the slope of the moment curve.
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Graphical Method (7)

We may express the moment M in terms of the
shear V by integrating:

TdM = inx —(8)

Mg Xo
M = M, + (area under shear diagram from x,
tox) —(9)

in which M, is the bending moment at x, and
M is the bending moment at x.

Now rearrange Equation 7 and integrate both side of the equation, to get Equation 8
as shown in the slide. The limits of the integration of the left side of the equation is
the moment at the left side cutting cross section, which is ‘M0‘. The moment at the
right side cutting cross section is ‘M’. The limits of the integration of the right side of
the equation is the distance of the left side cutting cross section from the left support,
which is ‘x0’ to the distance of the right side cutting cross section from the left
support, which is ‘x’, as shown in Equation 8.

Once you integrate the left side of the integration, you get moment ‘M minus MO’,
and the right side of the integration is the area under the shear force diagram from
‘X0’ to ‘x’, as in Equation 4.

Note that the moment at the left cutting cross section and at a distance of x0 is MO.
The moment at the right cutting cross section and at a distance x is M.
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Graphical Method (8)

We may express the moment M in terms of the
shear V by integrating:

TdM = inx —(8)

Mg Xo
M = M, + (area under shear diagram from x,
tox) —(9)

in which M, is the bending moment at x, and
M is the bending moment at x.

In the graphical method, we calculate the moment from the left end to the right end
of the beam.

The moment at the right side of the beam ‘M’ is equal to the moment at the left side
of the beam ‘MO0’ plus the area under the shear force diagram from x0 to x’, as in
Equation 9.

If the area under the shear force diagram is positive, use a positive sign to calculate
the moment at the right side cutting cross section. If the area under the shear force
diagram is negative, use a negative sign to calculate the moment at the right side
cutting cross section.
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Graphical Method (9)

By combining the relations of loading, shear
and moment, we have:

d2M/dx?=w —(10)

if w is a known function of x, the moment M
may be obtained by two integrations, provided
that the limits of integration are properly
evaluated each time. This method is usable
only if w is a continuous function of x.

If you combine the relationship between shear force and external loading, and the
relationship between bending moment and shear force, you get Equation 10. If
external loading ‘w’ is a known function of x, then you can work out bending moment
M by two integrations, provided that the limits of integration are properly evaluated
each time. However, you can only use this method if the external load ‘w’ is a
continuous function of x, which means a uniform distributed load, or triangle (linearly
varied) distributed load.
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Graphical Method (10)

South Australia

! SFD
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In this slide, we know shear force and bending moment at A, and we need to
calculate shear force and bending moment at B. We present two cases.

Case I: In a beam, we consider a beam segment between point A (on the left side of
the beam segment cross section) and point B (on the right side of the beam segment
cross section) and we show a positive shear force and positive bending moment at
points A and B, as shown in the figure. Here, we know the shear force at A and we
assume the resultant external load is acting in an upward direction. We need to
calculate the shear force at point B, which is equal to the shear force at A plus an
external load acting on the beam segment.

Case II: In a beam, we consider a beam segment between points A and B as shown
in the figure. Here, we know the shear force at point A and we assume that the
resultant external load is acting in a downward direction. We need to calculate the
shear force at point B, which is equal to shear force at A minus the external load
acting on the beam segment.

Case I: In a beam, we know the bending moment at A and we assume the area
under the shear force diagram is positive. We need to calculate the bending
moment at B, which is equal to the bending moment at A plus the area of the shear
force diagram.

Case II: In a beam, we know the bending moment at A and we assume the area
under the shear force diagram is negative. We need to calculate the bending
moment at B, which is equal to the bending moment at A minus the area of the shear
force diagram.
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We will refer to these figures in next four slides. We have a point load in Case A, a
concentrated moment in case B, a uniformly distributed load in case C, a linearly
increasing load in case D, and a linearly decreasing load in case E. We have a

shear force diagram and a bending moment diagram in each case, as shown in the
figures.

Let’s consider a beam segment with a left side cross section denoted as point 1 and
a right side cross section denoted as point 2.
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@Jseful Deductions for construction of

Uni

shear force diagram

» Concentrated loads on the structure result in
sudden jumps in the shear force diagram. The
magnitude of these changes is equal to the
magnitude of the forces. The direction of the
changes is the same as the direction of the
forces causing them.

« |f there is no loading on the beam between any

two concentrated loads, the shear force diagram
has a constant value.

In case A, if a point load or a concentrated load is acting on a beam segment, there
is a sudden jump in the Shear Force Diagram at that point load. If there is no load
acting on the beam segment between any two point loads, the Shear Force Diagram
has a constant value.
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@Jseful Deductions for construction of

shear force diagram

» The shear force diagram increases or
decreases at a constant rate under a
uniformly distributed load. The slope of the
shear force diagram is equal to the
magnitude of the uniformly distributed load.

» The shear force diagram changes according
to a parabolic function under linearly ranging
loads. The slope of the shear force diagram
at any point on the beam is equal to the
magnitude of the distributed load at the point

in question.

* The shear force must be zero at a free end of
the beam.

In case C, there is a uniformly distributed load acting on a beam segment. There is a
linear increase or decrease in the Shear Force Diagram at the Uniformly Distributed
Load.

In cases D and E, there is a linearly increasing or decreasing load acting on a beam
segment. There is a parabolic function in the Shear Force Diagram under linearly
ranging loads. The slope of the Shear Force Diagram at any point on the beam is
equal to the magnitude of the distributed load at that point.

The shear force must be zero at the free end of the beam, because there is no shear
force at the free end of the beam.
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@Jseful Deductions for construction of

Uni

bending moment diagram

* The bending moment diagram changes
linearly between any two concentrated
loads on a beam.

* The bending moment diagram is a
parabolic curve for a uniformly distributed
load.

* The bending moment diagram is a cubic
function for a linearly varying distributed
load.

In case A, if there is a point load or concentrated load acting on a beam segment,
there is a linear variation in the Bending Moment Diagram.

In case C, if there is a uniformly distributed load acting on a beam segment, there is
a parabolic variation in the Bending Moment Diagram.

In cases D and E, if there is a linearly varying distributed load acting on a beam
segment, there is cubic variation in the Bending Moment Diagram.
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@Jseful Deductions for construction of

University of

wansis ——D@Nding moment diagram
» The bending moment is zero at roller pinned and

roller supports of simply supported beams, as
well as the free end of cantilever beams, unless
a concentrated moment is applied at this
location.

* When the loading includes an externally applied
moment, the internal bending moment diagram
will exhibit a sudden jump. The magnitude of
this sudden change will equal the magnitude of
the applied moment. Concentrate moment in
clockwise direction is positive (cause increase in
bending moment)and anti-clockwise moment is
negative.

The bending moment is zero at the roller supports and hinged supports of a simply
supported beam. There is no bending moment at the free end of a cantilever beam.

In case B, if there is a concentrated moment acting on the beam segment, there is a
sudden jump in the Bending Moment Diagram. The jump is equal to the
concentrated moment acting on the beam segment. If the concentrated moment is
acting in an anti-clockwise direction, the jump will be downwards.

Remember these points, because they are valuable when drawing Shear Force
Diagrams and Bending Moment Diagrams.
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vty Procedure for Analysis

e Calculate Reactions

Draw the free body diagram of the
beam and determine the support
reactions. Resolve the forces acting on
the beam into components that are
perpendicular and parallel to the beam’s
axis.

This is the procedures for drawing Shear Force Diagrams and Bending Moment
Diagrams in the graphical method. As you know, the first step is to calculate the
reaction forces at the supports.
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vty Procedure for Analysis

e Important points

Separate beams into small
segments based on important points:
Supporting points, loading changing
points (start and end of distributed
loads, concentrate loading points
and concentrate moment points)

Then separate the beam into several small beam segments. The separating points
should be the important points, such as the supporting points and loading changing
points (this could be the start or end points for a distributed load, or the concentrated
loading point, or the concentrated moment point).
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Procedure for Analysis

e Draw shear force diagram (SFD)

From left end to right end, calculate shear forces
at the important points. Remember, there are two
values at a concentrate loading point (V, and Vg)
Formula ; Vg=V_ +P (external loadings q and P
are positive with up direction; negative with down
direction).

V shall start with 0 and end with 0.

Connect V values at important points using
straight lines (For a beam segment with g=0, or a
constant q).

Now calculate the shear forces at important points from the left end to the right end.

We know the shear force at the left end and we can calculate the shear force at right
end. Consider the left and right side of an important point if there is a concentrated

load acting at that important point. Use the formula which states that the shear force
at the right side of the beam segment, which is VR, is equal to the shear force at the
left side of the beam segment, which is VL, plus all the forces in the beam segment.

The shear force starts with zero and ends with zero. Just connect the shear forces

values at important points using straight lines to get the shear force diagram.
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Procedure for Analysis

e Draw bending moment diagram (BMD)

From left end to right end, calculate bending
moment at the important points. Remember, there
are two values at a concentrate moment point (M,
and Mg)

Formula ; Mg=M_ +M, (external loading M, is
positive with clockwise direction; negative with
anticlockwise direction).

M shall start with 0 and end with 0. Maximum M
happens with V=0.

Connect M values at important points with
straight line (for a beam segment with q=0), or
parabolic line (for a beam segment with nonzero
q.

The process for the bending moment diagram is similar to that for the shear force
diagram. Working from the left end to the right end, start with zero and end with
zero. Calculate the bending moment at the important points, using the formula
which states that the bending moment at the right side of the beam segment, which
is MR, is equal to the bending moment at the left side of the beam segment, which is
ML, plus shear force diagram area between the two points.

The bending moment starts with zero and ends with zero. The maximum bending
moment happens when the shear force is equal to zero (this is because the first
derivative of bending moment is equal to the shear force. Where the derivative is
zero, there is the maximum value.)

Finally, connect the bending moment values at the important points with straight lines
for the segments without any distributed load, or parabolic lines for non-zero
distributed loads.



ENR202 Mechanics of Materials Lecture 4B Slides and Notes

Slide 23

[ ENR202 4b -- Slide No. 23

vty Example and Solution (1)

South Australia

Step 1: Reaction forces
RA=20kN R =10kN
Step 2: important points A, B, C

Let’s look back at the example which we worked through in Lecture 4a, a simply
supported beam is subjected to a concentrated load or point load of 30 kilo Newtons
at Point B, which is at a distance of 2 meters from point A, as shown in the figure.
The total length of the beam is 6 meters.

Suppose that you are required to draw a Shear Force Diagram and Bending Moment
Diagram for this simply supported beam.

The first step is to calculate the reaction forces. We already calculated the reaction
forces in Lecture 4a (in slide 6). (If you need to, go back and have a quick look at
how we did those calculations.) The reaction force at point A is equal to 20 kilo
Newtons, and the reaction force at Point C is equal to 10 kilo Newtons.

For the second step, we need to find the number and position of the important
points. We have three important points. Two are support points, Point A and Point C.
A further important point is the concentrated load at Point B. As we have discussed,
if we have a concentrated load, you need to consider the left and rights sides of
Point B to calculate the shear force.
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mesvot  Example and Solution (2)
South Australia
30kN
A ls c Step 3: Draw SFD
. ‘ . Start with 0 and end
’ L . with 0
" Aleft: V,1=0
. Aright:
R=\/,L+R .= =
All external forces including reaction Va _YA +Bf_0;_20_20kN
forces and loads are known with B “?ﬁ- Vgh =Va"=20kN
Ra=20kN R.=10kN B right:
VgR =Vgt-30=20-30=-10kN
Rule: The change of shear force between C left: V- =VgR=-10kN
two points is the external forces between C right:
the two points. Up is positive, down is VR=V H4R=-10+10=0kN
negative.

From left to right, calculate shear force at
both sides “left and right” of A, B, C

The shear force starts with zero and ends with zero, and you need to calculate shear
force from left end to right end. If we have a concentrated load, you must consider
the left and right sides of that point to calculate the shear force. Here, the reaction
force RA and RC are also concentrated loads. So to calculate shear force, you need
to consider the left and right side of point A because of the reaction force RA, and the
left and right side of point B because of the point load at B, and the left and right side
of point C because of the reaction force RC.

If the external forces or reaction forces between the two points act in an upward
direction, they are positive, and if they are in a downward direction, they are
negative.

The reaction force RA is 20 Kilo Newtons, the concentrated load is 30 Kilo Newtons,
and the reaction force at C, which is RC, is 10 Kilo Newtons.
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Example and Solution (3)
South Australia
30kN
A ls c Step 3: Draw SFD
. ‘ . Start with 0 and end
’ | - with 0
" Aleft: V,1=0
. Aright:
R=\/,L+R .= =
All external forces including reaction Va _YA +Bf_0;_20_20kN
forces and loads are known with B “?ﬁ- Vgh =Va"=20kN
RaA=20kN R =10kN B right:
VgR =Vgt-30=20-30=-10kN
Rule: The change of shear force between C left: V- =VgR=-10kN
two points is the external forces between C right:
the two points. Up is positive, down is VR=V H4R=-10+10=0kN

negative.

From left to right, calculate shear force at
both sides “left and right” of A, B, C

We have three important points: A, B and C. To draw the shear force diagram, we
will start with the left end. Consider just to the left of Point A. At Aleft we have zero
shear force because the shear force starts with zero. Then we come to Aright.
Between Aleft and Aright, we have a concentrated load. That is, RA equals 20 Kilo
Newtons in an upward direction. We know that upward is positive. Finally we get
Aright equals 20 Kilo Newtons.

When we come to Bleft, we don’t have any vertical force between Aright to Bleft. So
Bleft equals 20 kilo Newtons. Move on to Bright. We should have a jump of 30 Kilo
Newtons because we have a concentrated load of 30 kilo Newtons. Bright equals 20
kilo Newtons minus 30 kilo Newtons, which is negative 10 Kilo Newtons. We come to
Cleft. We don’t have any vertical force from Bright to Cleft. So Cleft equals minus
10 kilo Newtons. Move on to Cright. We should have a jump of 10 Kilo Newtons,
because we have a reaction force RC which is 10 kilo Newtons acting in an upward
direction. Cright equals minus 10 kilo Newtons plus 10 kilo Newtons, which is zero.
We can see that the shear force ends with zero. Therefore, we know that the values
are correct.
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mesor — Example and Solution (4)

South Australia

30kN
A ls c Step 3: Draw SFD
. ‘ R Start with 0 and end
’ | - with 0
o n Aleft: V,1=0
én Aright:
VA oo V R=V,-+R ,=0+20=20kN
ﬁ oy B left: Vgt =V,R=20kN
o B right:
VR =Vgt-30=20-30=-10kN
From left to right, connect shear forces at C left: V- =VgR=-10kN
important points using straight lines from A C right:
left, Aright, B left, B right, C left to C VR=V L+R.=-10+10=0kN
right and we can have the shear force ¢ e
diagram (SFD)

Connect all the values at the important points, and we get shear force diagram as
shown in the figure here. Try to draw the shear force diagram on your own and
check your work against this figure.
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meyorEX@mMple and Solution (5)

South Australia

B
2 i \ Step 4: Draw BMD
Ra L ) e Start with 0 and end
(s with 0
v T&‘ A: M,=0
$2) -10kN :
o ] B : Mg =M,+ Area in SFD
_ between A and B
SFD is known now. Mg=M,+20kN*2m

Rule: The change of M between two points =0+40=40kNem

is the area of SFD between the two points. .
C : M¢ =Mg +Area in SFD
From left end to right end, calculate between B and C
bending moment at A, B, C points based Mg=Mp+(-10kN)*4m
on the rule above. =40-40=0kN-m

In the previous slides, we worked out the shear force diagram for this example. We
are now going to draw the bending moment diagram based on the shear force
diagram.

Again, we start with the left end and then go back to the right end. We have three
important points, A,B and C. We already know that there is no bending moment at
the roller support nor at the hinged supports. Therefore, the bending moment at
Points A and C is equal to zero.

We also know that bending moment starts with zero and ends with zero. Therefore,
the bending moment at A is equal to zero. The bending moment at B is equal to the
bending moment A plus the area under the shear force diagram between Points A
and B because the Shear Force Diagram is positive. The shear force area between
A and B is 20 kilo Newtons times 2 meters, which is equal to 40 kilo Newton meters.
This shear force diagram is positive between A and B. Finally, we calculate the
bending moment at B which is 40 kilo Newton meters.

Then we move on to Point C. The bending moment at C is equal to the bending
moment at B minus the area under the shear force diagram between Points B and C
because the Shear Force Diagram is negative. The shear force area between B and
C is 10 kilo Newtons times 4 meters, which is 40 kilo Newton meters. This shear
force diagram is negative between B and C. We calculate the bending moment at
C using 40 kilo Newton meters at Point B minus 40 kilo Newton meters which is the
area of the Shear Force Diagram. Therefore, the bending moment at C equal to
zero. Bending moment should end with zero, and the bending moment at point C
(which is the last point) is also zero. That means our calculations are correct.
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mesor — Example and Solution (6)
South Australia
b lE C Step 4: Draw BMD
Ra L Re Start with 0 and end
o T o with 0
A: M,=0
v 20kN
» -10kN B : Mg =Mp+ Area in SFD
Lo between A and B
o Mg=M,+20kN*2m
" T =0+40=40kN-m
Connect bending moments from left end to C : M¢ =Mg +Area in SFD
right end at important points using straight between B and C
lines (why not parabola here ???) from A, Mg=M ,+(-10kN)*4m
B to C and we can have the bending =4E6-40A=0kN—m

moment force diagram (BMD)

Connect the bending moment values at the important points from the left end to the
right end using a straight line from A to C, and we get the bending moment diagram
shown in the figure. Try drawing the bending moment diagram yourself and
checking it against this figure.
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Exercise 1

Draw SFD and BMD using
graphic method

Now pause this presentation and try to work through this exercise. You must draw a
shear force diagram and a bending moment diagram for an overhang beam
subjected to a uniform distributed load of 5 kilo Newtons per meter on the overhang
portion that is between Point C and D, and the point load acting at point B as shown
in the figure. Draw the Shear Force Diagram and Bending Moment Diagram using
the graphical method. The solution is on the next slide.
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Exercise 1: solution

l =K/

A B T D
IRA:E;RN Re=34kN L
Smn 5m 4n

A=40CH)
[ [

A=30CH

SFD (kN> 5

+)
30

BMD (kN-m>

First, calculate the reaction forces at the supports at points A and C. Next, work out
the number and position of the important points. There are four important points.

The shear force starts with zero and ends with zero. You need to calculate the shear
force from the left end to the right end. If we have a concentrated load, you must
consider the left and right side of that point to calculate the shear force. Here, the
reaction forces RA and RC are also concentrated loads. So to calculate shear force,
you need to consider the left and right side of point A because of the reaction force
RA, the left and right side of point B because of the point load at B, and the left and
right side of point C because of the reaction force RC,.

Once you know shear force values at important points, connect them from the left
end to the right end using a straight line from Ato D. You will get the shear force
diagram as shown in the figure.

Now, calculate the bending moment values at important points, and connect all the
bending moment values to draw the Bending Moment Diagram.
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uwsvd=ormula for Concentrated moment

BORS ™
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p +BO— PR =0 > Ar= ALTEO
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‘31‘—-‘30—‘ AR=0O
Ar = AL—B0O

Now let’s look at the case of a concentrated moment acting on a beam segment.

Suppose that we have a concentrated moment of 80 kilo Newton meters in a
clockwise direction acting on the beam segment as shown in the top figure. The left
side cutting cross section has a positive bending moment AL that is in a clockwise
direction. The right side cutting cross section has a positive bending moment AR
that is in an anti-clockwise direction. We know the value of the bending moment in
the left side cross section. We need to calculate the value of the bending moment in
the right side cross section. We use the equation which states that AR is equal to
AL plus 80 kilo Newton meters. If there is a clockwise concentrated moment acting
on the beam segment, we use a positive sign to calculate the right side moment.

There is a concentrated moment of 80 kilo Newton meters in an anti-clockwise
direction acting on the beam segment as shown in the bottom figure. The left side
cutting cross section has a positive bending moment AL that is in a clockwise
direction. The right side cutting cross section has a positive bending moment AR
that is in an anti-clockwise direction. We know the value of the bending moment in
the left side cross section. We need to calculate the value of the bending moment in
the right side cross section. We use the equation which states that AR is equal to
AL minus 80 kilo Newton meters. If there is an anti-clockwise concentrated moment
acting on the beam segment, we use a negative sign to calculate the right side
moment.
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Exercise 2

Draw SFD and BMD

Now pause this presentation and try to work through this exercise. An overhang
beam is subjected to a uniform distributed load of 1 kilo Newton per meter between
Point A and B as shown in the figure, and a concentrated moment of 12 kilo Newton
meters acting in the middle between B and C. Draw the Shear Force Diagram and
the Bending Moment Diagram.

Hint: The first step is to calculate the reaction forces at the supports at Points B and
C. Next, work out the number and position of the important points. Then calculate
the shear force and bending moment values at the important points. Then connect
all shear force values to draw the Shear Force Diagram and connect all bending
moment values to draw the Bending Moment Diagram.

The solution is given in the next four slides.
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Exercise 2: solution (1)

South Australia

Step 1: Reaction forces
EMc=0 Rg*16m-12kN-m-4kN*18m=0 Rg=5.25kN
EM4a=0 -4kN*2m-12kN-m-R.*16m=0 R =-1.25kN

Check ZF,=0(???) Rg+R-4kN=0 (1) OK!

We know the first step is to calculate the reaction forces at the supports. There are
two reaction forces at B and C, which are RB and RC, so we need two equilibrium
equations.

The first equilibrium equation is that the sum of all force moments about C is equal to
zero. That means that you consider Point C as a lever, as we covered in lecture 3a.
We have four force moments about C. The first is the moment of reaction force RB
about C, which is RB times 16 meters in a clockwise direction. The second is the
moment of the uniform distributed load of 1kilo Newton per meter about C . That
means the resultant UDL is 1kilo Newton per meter times 4 meters, which is 4 kilo
Newtons times 8 meters plus 8 meters plus 2 meters, which equals 18 meters in an
anti-clockwise direction. The third is a concentrated moment of 12 kilo Newtons
meters in an anti-clockwise direction. Finally, we can calculate reaction force RB
which is 5.25 kilo Newtons. The next equilibrium equation is that all forces in a
vertical direction are equal to zero. The downward force is the resultant UDL of 4 kilo
Newtons. We already know the reaction force RB is 5.25 kilo newtons acting in an
upward direction. Finally, we see that the reaction force at C is equal to minus 1.25
kilo newtons. That means the RC is down.
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Shear force

A V,=0

B left: Vgt =V,-4=-4kN

B right: VgR = Vgt +Rg=-4+5.25=1.25kN
C left: Vb= VgR=1.25kN

C right: VR = Vb +R=1.25-1.25=0kN

Start with 0 and end with 0

For the next step, we again need to find the number and positions of the important
points. We have four important points. Point A is the beginning of the UDL, point B is
the end of the UDL, and also a supporting point. Point D is a concentrated moment,
and point C is another supporting point.

You have already calculated reaction forces. You can draw a shear force diagram
based on vertical forces. These vertical forces include external loads and reaction
forces. Based on the shear force diagram, you can draw a bending moment diagram
from the left end to the right end. It starts with zero and ends with zero.

We start with Point A. We have zero shear force at point A. Then we come to Point
B. The total UDL is 4 Kilo Newton. We need to consider the left side of point B and
the right side of point B, because of reaction force RB.

Consider just to the left side of Point B. Bleft equals minus 4 kilo Newtons. Then
we come to Bright. Between Bleft and Bright, we have a concentrated load of PB,
which is equal to 5.25 Kilo Newtons in an upward direction. We know that upward is
positive. We work out that Bright equals 1.25 Kilo Newtons.

When we come to Cleft, we don’t have any vertical force between Bright to Cleft. So
Cleft equals 1.25 kilo Newtons. Move on to Cright. We should have a jump of 1.25
Kilo Newtons. We have a reaction force of 1.25 kilo Newtons acting in a downward
direction. Cright equals 1.25 kilo Newtons minus 1.25 kilo Newtons, which is equal
to zero. The shear force ends with zero, so we know that the values are correct.
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Exercise 2: solution (3)

South Australia

|
71 71 vl |

SF=1.25kN
.“’x ]
S f \ Where SFD crosses x axis must be a
/" S | point of max or min Bending Moment
. § (in this case it is a max negative moment hecause
Slope= - 1kN MaxSF= - 4kN O cantilever)

Calculate bending moment based on SFD
A: M,=0

B : Mg =M-4*4/2=-8kN-m

D left: Mpt = Mg +1.25kN*8m=2kN-m

D right: MR = Mpt-12=2-12=-10kN-m

C : Mc =MpR+1.25kN*8m=-10+10=0kN-m
Start with 0 and end with 0

Connect the shear force values at all the important points from left end to right end,
you will have a shear force diagram.

To work out the bending moment diagram, start from Point A and end with Point C.
Start with a zero bending moment and end with a zero bending moment. Start from
the left side of the beam and end with the right side of the beam.

We have zero bending moment at Point A. Then we come to Point B. The total
area of the shear force diagram between A and B is negative 8 Kilo Newton meters,
which means that the area of the triangle is negative 8 Kilo Newton meters.
Therefore the bending moment at B is negative 8 Kilo Newton meters. Then we
come to Point D; we have concentrated moment, so we have to find the bending
moments at Dleft and Dright. The area of the shear force diagram between B and D
is 1.25 kilo Newtons times 8 meters, which is 10 kilo Newtons. This is a positive
Shear Force Diagram, so the bending moment at Dleft equals negative 8 Kilo
Newton meters plus 10 Kilo Newton meters, which equals 2 Kilo Newton meters.
From Dleft to Dright we have a concentrated moment of 12 Kilo Newton meters
jump, and this is a negative concentrated moment because it is an anti-clockwise
moment. Therefore Dright equals 2 Kilo Newton meters minus 12 Kilo Newton
meters, which is negative 10 Kilo Newton meters. From Dright to Point C, we have a
positive shear force diagram, so the bending moment at C equals negative 10 Kilo
Newton meters plus 10 Kilo Newton meters, which is zero.
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niverstyof Exercise 2: solution (4)
D s X Draw BMD based on following
e A important points
A M,=0

B : Mg =M,-4*4/2=-8kN-m

D left: Mpt= Mg

wtbea  +1.25KN*8m=2kN-m
rommecase D Tight: MpR = Mpt-12=2-12=-

< '
N\ | \ Where SFD cros
/' AN | point X or
| s

’\‘ (in this itisa
Slope= - TkN MaxSF= - 4kN of cantiever)

10kN-m
Cantlevarsd loads BMD C : Mc =MpR+1.25kN*8m=-
e 10+10=0kN-m
above support BM= -10kNm Start with 0 and end with 0

)
BM= -BkNm

Connect the bending moment values at the important points from the left end to the
right end using a straight line from B to C and between A and B. We have a
Uniformly Distributed Load, so the bending moment diagram between A and B is
parabolic. The top part AB will be negative and the bottom part AB will be positive,
because the bending moment at B is negative and because the AB part is a

cantilever beam. Try to draw the bending moment diagram on your own and check
your work against this figure.
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Exercise 3

8kN
18kNm l E

3
B D
| 3m I/ 3m | 2m /||/ 2m |

Draw SFD and BMD

Pause the presentation and work through this example. A simply supported beam is
subjected to a concentrated moment of 18 kilo Newton meters acting at B at a
distance of 3 meters from the left support A, as shown in the figure. One point load
is 8 kilo Newtons acting at Point C, at a distance of 6 meters from the left support,
and another point load is 8 kilo Newtons acting at Point D at a distance of 8 meters
from the left support, as shown in the figure. The total length of the beam is 10
meters. Draw the Shear Force Diagram and the Bending Moment Diagram. The
solution is on the next six slides.
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Exercise 3: solution (1)

South Australia

Step 1: Reaction forces
XMg=0 R,*10+18-8*4-8*2=0 R,=3kN
YM,=0 18+8*6+8*8-R.*10m=0 R =13kN

Check £F,=0(???) Rp+Re-16kN=0 (!) OK!

Firstly, calculate the reaction forces at the supports at points A and E.

Next, work out the number and position of the important points.

Next, calculate the shear force and bending moment values at the important points.
Finally, connect all shear force values to draw the Shear Force Diagram and connect
all bending moment values to draw the Bending Moment Diagram.

If you are still unsure of how to do this, the solution is given in more detail in the
following slides.
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Exercise 3: solution (2)

South Australia

Step 1: Reaction forces
XMg=0 R,*10+18-8*4-8*2=0 R,=3kN
YM,=0 18+8*6+8*8-R.*10m=0 R =13kN

Check £F,=0(???) Rp+Re-16kN=0 (!) OK!

We know the first step is the calculation of the reaction forces at the supports.
Calculate the reaction forces at Aand E. We have two reaction forces, RA and RE.
We need two equilibrium equations. The first equilibrium equation is that the sum of
all force moments about E is equal to zero. That means that you consider point E as
a lever, as we explained in lecture 3a. We have four force moments about C. The
first is the moment of reaction force RA about C, which is is RA times 10 meters in a
clockwise direction. The second is a concentrated moment of 18 kilo Newton
meters in a clockwise direction. The third is the moment of concentrated load of 8
kilo Newtons at C about point E, which is 8 kilo Newtons times 4 meters. The fourth
is the moment of another concentrated load of 8 kilo Newtons at D about point E,
which is 8 kilo Newtons times 2 meters. Finally we calculate the reaction force RA
which is 3 kilo Newtons.

The next equilibrium equation is that all forces in a vertical direction are equal to
zero. The downward force is 8 kilo Newtons plus 8 kilo Newtons, which is equal to 16
kilo Newtons. We already know that the reaction force RA is 3 kilo newtons acting in
an upward direction. Finally, the reaction force at E is equal to minus 13 kilo newtons
acting in an upward direction.
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Shear force

Aleft: V,L=0

Aright: V;R = VL +R,=0+3=3kN

B : Vg =V,R=3kN

C left: Vb= VgR=3kN

C right: VR = V- -8=3-8=-5kN

D left: Vot = VR =-5kN

D right: VR = V- -8=-5-8=-13kN
E left: Vb= VpR=-13kN

E right: VR = V- +Rg=-13+13=0kN
Start with 0 and end with 0

Based on the reaction forces and vertical forces, we can draw the shear force
diagram. We have five important points. Point A is a support point, point B is a
concentrated moment point, point C is a point load, point D is another point load, and
point E is a support point.

First we start with zero shear force and start from left end. So, Aleft is zero. When
we come to Aright we have a reaction force RA, so Aright is 3KN, so we have a
jump in the Shear Force Diagram of 3 Kilo Newtons. From Ato C, we don’t have
any vertical force, so we have a concentrated shear force. So, Cleft is equal to Aright
, Which is 3 Kilo Newtons. At Point C, we have a concentrated downward vertical
force, so Cright equals 3 kilo Newtons minus 8 kilo Newtons, which is negative 5 kilo
Newtons. From C to D, we don’t have any distributed force, so Dleft is the same as
Cright, which is negative 5 kilo Newtons. We have a concentrated downward force
of 8 Kilo Newtons, and Dright equals negative 5 minus 8, which is negative 13 Kilo
Newtons, so we have a jump in the shear force diagram at D of 8 Kilo Newtons.
From Point Dright to Point Eleft, we don’t have any vertical force. So Eleft is the
same as Dright, which is 13 kilo Newtons. From Eleft to E right, we have a reaction
force RE which is 13 Kilo Newtons acting in an upward direction. Therefore Eright
equals negative 13 kilo Newtons plus 13 kilo Newtons, which equals zero.



ENR202 Mechanics of Materials Lecture 4B Slides and Notes

Slide 41

[ ENR202 4b -- Slide No. 41

University of
South Australia

— Draw SFD based on the important
points

Aleft: V,-=0

Aright: V4R = V,L +R,=0+3=3kN
B:Vg=V,R=3kN

C left: Vb = VgR=3kN

C right: VR = V- -8=3-8=-5kN

D left: Vb = VR=-5kN

D right: VR = VL -8=-5-8=-13kN
E left: Vgt = VpR=-13kN

E right: VER = Vg +Rg=-
13+13=0kN

Start with 0 and end with 0

Connect all the shear force values at the important points from the left end to the
right end to get the shear force diagram, which you will see in the next slide.
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Exercise 3: solution (5)

South Australia

N
18kNm l l £ .
I = f it —> Calculate bending moment based on

\/‘B c, o dr X SFD
| 3 3m 2m 2m | . —
" A A0

B left: Mgt = M, +3*3=9kN-m
: B right
- _:TWB--@ _/H MgR = Mgt +18=9+18=27kN-m

C: M = MgR +3*3=27+9=26kN-m
SF = -5kN D : Mp = M -5*2=16kN-m
E: Mg =M, -13*2=0kN-m
SF =-13kN

Start with 0 and end with 0

Compare your work to this Shear Force Diagram. If it is the same, well done.
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University of
South Australia

l £ Draw BMD based on important
: : fﬁ) points
B ¢ ? rrr A:M,=0
A A B left: Mgt = M, +3*3=9kN-m
B right:
MgR = Mg-+18=9+18=27kN-m
C:

Mc = MgR +3*3=27+9=26kN-m
D : Mp = M¢-5*2=16kN-m

E: Mg =M, -13*2=0kN-m

Start with 0 and end with

Based on the shear force diagram, we can get the bending moment diagram. Start
from the left side and end with the right side. The bending moment at Point A is
zero, and the area of the shear force diagram between A and B is 9 Kilo Newton
meters. We have a concentrated moment at B of 18 Kilo Newton meters acting in a
clockwise direction, so the bending moment at Bleft is 9 Kilo Newton meters, and the
bending moment at Bright is 9 Kilo Newton meters plus 18 Kilo Newton meters,
which is equal to 27 Kilo Newton meters. From Bright to Point C, we can say that
the total area of the shear force diagram between Points B and C is 9 Kilo Newton
meters, so the bending moment at C equals 27 Kilo Newton meters plus 9 Kilo
Newton meters, which is 36 Kilo Newton meters. From Point C to Point D, we have
a negative area shear force diagram of 10 Kilo Newton meters, so the bending
moment at D equals 36 Kilo Newton meters minus 10 Kilo Newton meters, which is
26 Kilo Newton meters. We have another negative area of shear force diagram
between D and E of 26 Kilo Newton meters, so the bending moment at Point D is 26
Kilo Newton meters minus 26 Kilo Newton meters, which equals zero.

Connect all the bending moment values at important points to get the bending
moment diagram.
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Exercise 4

15kN
5kN/m

A Ll ll]l]c

5m \ 5m

Pause the presentation and work out your solution to this exercise. A simply
supported beam is subjected to a concentrated load 15 kilo Newtons acting at the
middle of the beam, a uniformly distributed load of 5 kilo Newtons per meter at the
right half length of the beam, and a concentrated moment acting of 80 kilo Newtons
meters acting at A, as shown in the figure. Draw the Shear Force Diagram and the
Bending Moment Diagram.

The solution is in the next three slides.
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Exercise 4: solution (1)

15kN
5kN/m

g I

5.75kN Sm 5m 34.25kN

V (kN
N 5.75kN

-9.25K )
\ -34.25kN

M (kNm)

80kNm
+

108.75kNm

Let’s have look at solution for this example. This example is for a simply supported
beam. The concentrated moment acting on left support is 80 kilo Newton meters,
and the concentrated load acting in the mid span of the beam is 15 Kilo Newtons,
with a distributed load of 5 Kilo Newtons per meter acting on the right half span of
the beam. You are required to calculate the shear force diagram and the bending
moment diagram.

We have three important points. Point Ais a support, point B is a concentrated load
and also beginning of the Uniformly Distributed Load. Point C is the end of the
Uniformly Distributed Load and is also another support. The first thing you have to
calculate is the reaction forces. Consider that all force moments at B equal zero; how
many moments are there? There is one moment from RA, one concentrated
moment, one moment from the Uniformly Distributed Load, and one moment from
the concentrated load. All four moments together equal zero. In this equation, we
have only one unknown, which is RA. So we can work out the RA is 5.75 Kilo
Newtons. You can also calculate RC, which is our only unknown. All forces in the y-
direction are zero. So, we can work out that RC is 34.25 Kilo Newtons.



ENR202 Mechanics of Materials Lecture 4B Slides and Notes

Slide 46

ENR202 4b -- Slide No. 46

Exercise 4: solution (2)

15kN
5kN/m

g I

5.75kN Sm 5m 34.25kN

V (kN
N 5.75kN

-9.25K )
\ -34.25kN

M (kNm)

80kNm
+

108.75kNm

Now lets look at how to draw the shear force diagram. The reaction force RAis 5.75
Kilo Newtons, we have a concentrated moment of 80 Kilo Newton meters, a
concentrated load of 15 Kilo Newtons, and a Uniformly Distributed Load of 5 Kilo
Newtons per meter. RC is 34.25 Kilo Newtons, and we have three important points,
A, B and C. To draw the shear force diagram, we will start with the left end.
Consider just to the left of Point A. At Aleft we have zero shear force and zero
bending moment. Then we come to Aright. Between Aleft and Aright, we have a
concentrated load RA, which is equal to 5.75 Kilo Newtons in an upward direction, so
Aright equals 5.75 Kilo Newtons.

When we come to Bleft, we don’t have any vertical force between Aright and Bleft.
So Bleft equals 5.75 Kilo Newtons. Move on to Bright. We should have a jump of 15
Kilo Newtons of concentrated load. Bright equals 5.75 kilo Newtons minus 15 kilo
Newtons, which is negative 9.25 Kilo Newtons. We come to Cleft. The total UDL is
25 Kilo Newtons acting down. Cleft equals negative 9.25 kilo Newtons minus 25 kilo
Newtons, which is negative 34.25 Kilo Newtons. From Cleft to Cright, we have a
concentrated load RC. Cright is equal to negative 34.25 kilo Newtons plus 34.25
kilo newtons, which is zero. Connect all the values at the important points from the
left end to the right end, and we will get the shear force diagram.
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Exercise 4: solution (3)

15kN
5kN/m

g I

5.75kN Sm 5m 34.25kN

V (kN
N 5.75kN

-9.25K )
\ -34.25kN

M (kNm)

80kNm
+

108.75kNm

Now let us look at the bending moment diagram. There is a concentrated moment
80KNm acting at A. We have other vertical forces and reaction forces. Again, we
start with the left end and then back to the right end. We have 3 important points,
A,B and C.

We start with Aleft. We have zero bending moment at Aleft. But we have a
concentrated moment of 80 Kilo Newton meters acting at A, so we have a bending
moment jump of 80 Kilo Newton meters in a clockwise direction. This is a positive
bending moment as per the graphical method. Aright equals 80 Kilo Newton
meters.

The shear force area between A and B is 5.75 kilo Newtons times 5 meters. Itis a
positive Shear Force Diagram. The moment at B equals 80 Kilo Newton meters plus
5.75 kilo Newtons times 5 meters, which is 108.75 Kilo Newton meters. From Point
B to Point C, we have to include the shear force area between B and C, which is
negative, and is equal to 108.75 Kilo Newton meters.

The moment at C equals 108.75 Kilo Newton meters minus 108.75 Kilo Newton
meters, which is zero. Finally, the bending moment at C is back to zero. Connect
all the moment values at the important points. Connect with a straight line between
A and B. From B to C we have a Uniformly Distributed Load, so connect with a
parabolic line between B and C. All these values are positive. Finally we get
bending moment diagram as shown in the figure.
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THANK YOU

Thank you for your attention. In the next lecture summary, we start centroids, and
moments of inertia, and bending stresses in beams.



