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Welcome to Lecture Summary 6a. In this lecture, we will be discussing shear
stresses in beams. (You can access internet links in the brackets on this slide for
further information, and to help you to understand the material).
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Shear Stresses in Beams

South Australia

Beams generally support both shear and moment
loadings. The normal stress o, associated with the
bending moments is obtained from the flexure
formula, we will investigate the distribution of shear
stresses 7 in this lecture.

|l
.

Suppose that a simply supported beam is subjected to lateral loads such as a
concentrated load and uniformly distributed load, as shown in figure a. Suppose that
you cut the beam at distance ‘x’ from the left support, as shown in figure b. At the
cutting cross section, you have internal forces such as shear force and bending
moment. We have discussed how bending moment will cause normal stress, and
shear force will cause some other stresses. The shear force ‘Q’ is parallel to the
surface as shown in figure b. The stresses ‘tou’ derived from the shear force are
also parallel to the surface as shown in figure ¢, so we have shear stress acting on
the cross sectional area.
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Vertical and Horizontal Shear Stresses

Universif ty of

— Rectangular Beams

Assume:

» shear stresses 1 act
parallel to the shear
force V;

* the distribution of
shear stresses is
uniform across the
width of the beam.

We have some assumptions. For example, in the rectangular beam, we assume the
shear stresses are acting parallel to shear force V. This means that if you have V
vertical direction, and the distribution of shear stress along the width of the beam is
uniform, as shown in the figure, the shear stress at that point is equal to the shear
stress at the end point. We assume the shear stress is equal along the width of the
beam, but in fact the shear stress changes along the height (that is, along the depth
of the beam).
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Vertical and Horizontal Shear Stresses

University of

sl — Rectanqular Beams contd...

isolate a

g D

of the beam m

Vertical and uniformly
distributed

We learnt in lecture 2a that the shear stresses
acting on one side of an element are
accompanied by shear stresses of equal
magnitude acting on perpendicular faces of the
element.

Therefore, there are horizontal shear stresses
acting between layers of the beam as well as
vertical shear stresses acting on the cross
sections.

Assume that there is shear stress acting on the cross section of the rectangular
beam. After isolating a small element from m-n of the beam, you can see the shear
stress acting in the cross section ‘tou” downward, as shown in the middle figure.
You may have other shear stresses in the horizontal surface. This shear stress is
equal to the vertical shear stress, as shown in the middle figure. The reason may be
explained as follows. The two vertical shear forces are in fact a couple, and should
cause this cross section to rotate clock-wise as shown in the right side figure, but in
fact this cross section is actually in equilibrium, and doesn't rotate. This is because
we have two other shear stresses in the horizontal surfaces, and these two
horizontal shear stresses are causing another couple in an anti-clock-wise direction.

So this small segment is in balance with vertical shear forces and horizontal shear
forces as shown in the right side figure. The shear stresses acting on one side of the
element are accompanied by shear stresses of equal magnitude acting on the
perpendicular faces of the element, as we discussed in lecture 2a, slide 19.
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Vertical and Horizontal Shear Stresses

University of

sanasais  — Rectangqular Beams contd. ..

The equality of the horizontal
and vertical shear stresses
- leads to an interesting
conclusion regarding the shear
« stresses at the top and bottom
of the beam - the vertical shear
stress t must vanish at the top
and bottom of the beam (1t =0
where y=%h/2).

The equality of the horizontal and vertical shear stresses leads to an interesting
conclusion regarding the shear stresses at the top most and bottom most parts of the
beam cross section. The vertical shear stress ‘tou’ must vanish at the top and
bottom of the beam. That means that the shear stress is zero where y is equal to

positive or negative h/2. Y is measured from the neutral axis that is the centroid of
rectangle.
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wwesvot — DErivation of Shear Formula

South Australia

Take two adjacent Normal forces and stresses
cross sections mn along the cross sections
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The vertical shear stresses are not
shown as they are not needed in the
derivation

To calculate the shear stresses, consider the two cross sections m-n and m1-n1 of
the small segment of the beam with length ‘dx’ as shown in the left side figure. On
cross section m-n, we have a shear force V and bending moment M. On the other
cross section m1-n1, we have a shear force ‘V plus dV’, and a bending moment ‘M
plus dM’ as shown in the left side figure.

If shear force is acting on the beam, we must have bending moment change.
Bending moment causes the normal stresses on the cross section. We have normal
stress distributions at both cross sections m-n, and m1-n1.
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esfderivation of Shear Formula contd...

Isolate a
subelement pp,
nn,

The bottom face of this element is the
lower surface of the beam and is free from
stress; its top face is parallel to the neutral
surface and at an arbitrary distance y, from
that surface. The top face is acted upon by
the horizontal shear stresses t existing at
this level in the beam.

If you isolate the sub element that is the shaded part of the diagram, you can see
point p at the left cross section, and point p1 at the right cross section. We don’t
have any shear stresses in the bottom surface face. Consider the top surface of the
sub element p-p1. What is happening in the shaded portion at a distance of ‘y1’
from the neutral axis to the p-p1 surface?
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wesyor Drivation of Shear Formula contd...

Sou!

Considering an element of dA at distance 'y1' from the
neutral axis. The normal force acting on this element is
o dA. On the left hand face ‘pn’ of the element, we

have:
b
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The total horizontal force > —(2
F, acting on that face: -

In the left side of the shaded area, normal stress is sigma x. However, in the right
part of the shaded area, normal stress is different from the left side because the
bending Moment on the left side is M and on the right side is M plus dM. That
means the two bending moments have a difference of dM.

The normal force on the left side of the shaded area is sigma x times dA, which is
equal to M times y times dA divided by |, as shown in equation 1. The total normal
force on the left side of the shaded segment is F1, which is equal to the integration
from y to h/2 of M times y times dA divided by I, as shown in the equation 2.
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esfderivation of Shear Formula contd...

In the same manner, the total
force F, acting on the right| F,=
hand face p,n, is:

T A o

Finding the horizontal

force F; acting on the top ‘(4)
face pp,of the element is:

And the total normal force on the right side of the shaded segment is F2 which is
equal to from y to h/2 of M plus dM times y times dA divided by I, as shown in the
equation 3. The total normal force acting on the surface p-p1 is F3, which is tou
times b times dx. F1 is not equal to F2 because of the different bending moment in
the different cross sections. The difference normal forces of F1 and F2 are equal to
F3 (based on equilibrium equation that all forces in a horizontal direction equal to
zero).
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F_\/‘ |: The summing of
- 2 the forces in the x :} — ()
— s — direction gives:
or —>(6)
from which:
=My [yaa| () Substituting: |V=dv/dx | —>®
dx "Ib
. V ~
we now obtain: | . _ - ydA >__>(9)
The integral in this equation represents the —~

first moment of the shaded portion of the
cross section with respect to the neutral axis.

Denoting the first moment by Q, we have:

This will lead to equation 5, that the shear force F3 is equal to F, normal force on
right side minus F1normal force on left side. F3 in fact is the shear force acting on
the horizontal surface, because F3 is parallel to the horizontal surface. So, F3 is
distributed uniformly along the horizontal surface p-p1, that is tou times b times dx,
which is equal to the integration of M plus dM times y times dA divided by |, minus
the integration of M times y times dA divided by |, as shown in the equation 6. (You
can develope equation 6 by substituting equations 2, 3 and 4 into equation 5.) The
shear stress formula equation 7 can be derived from equation 6; tou is equal to dM
divided by dx times 1 divided by Ib times integration y dA. You know that the
derivative of moment with respect ‘dx’ is equal to the shear force as shown in
equation 8. If you substitute equation 8 into equation 7, you get the shear stress
formula of tou is equal to V divided by Ib times the integration of y*dA. Here
integration y*dA is equal to the first moment of the shaded area with respect to the
neutral axis and is denoted as Q.
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V
Shear Formula K& -

South Australia I b

- r —b—| 1 = the shear stress in the member at the point
f located a distance y, from the neutral axis.
V = the internal resultant shear force, determined
‘I

h |+ . from the method of sections and the equation of
' M equilibrium.
| = the moment of inertia of the entire cross-

sectional area computed about the neutral axis

¥ b = the width of the member’s cross-sectional
area, measured at the point where t is to be
determined

Q= IydA: VA where A’ is the top (or bottom)
portién of the

member’s cross-sectional area, defined from the
section where b is measured, and y' is the
distance to the centroid of A, measured from the
neutral axis

Finally, we have the shear stress formula that tou is equal to V times Q divided by

Ib , where V is the shear force acting on that cross section, Ib is the second moment
of the area; b is the width of the cross section, Q is the first moment of the shaded
area with respect to neutral axis, equal to integration y dA of the shaded area.
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Shear Formula contd...

South Australia

= \% —(10)

This equation known as the_shear formula, can
be used to determine the shear stress t at any
point in the cross section.

When the beam has a rectangular cross
section, V, |, b are constants. In order to
determine how the stress varies, we can
examine how Q varies.

Equation 10 is the shear formula. You can get shear stress ‘tou’ at any point of the
cross section based on the shear formula. The parameters of shear force V and
the moment of inertia | belong to the whole cross section. However, the parameters b
and Q vary from point to point where you want to calculate shear stress on that cross
section. For example, if the beam is a rectangular cross section, shear force V, I, b
are constants. The width of the beam is the same for the whole rectangular cross
section. V and | are the same for the whole cross section. So, shear stress varies if
Q varies. The shear stresses along the cross section depend on Q.
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Calculation of the First Moment

University of "
South Australia Centroid of the shaded

portion to centroid of the

cross section 0(
The first moment Q for-the-ghaded area is obtained:
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where A=bh and | :ibh3
12

The calculation of the first moment of the shaded area (that is, parameter ‘Q’ in the
shear formula for the rectangular cross section) is given here. The cross sectional
area of the shaded portion is the width of the beam ‘b’ times h divided by 2 minus y1
as shown in equation 11. y1 is the distance between the neutral axis to the top of
the shaded area as shown in the figure. ‘h’ is the height of the beam, b is the width
of the beam. The centroid of the shaded portion to the centroid of the cross section is
y1 plus h divided by 2 minus y1 whole divided by 2 as shown in equation 11. That
means that the height of the shaded area is h divided by 2 minus y1. The centroid of
the shaded area from the bottom is half of h divided by 2 minus y1. The first moment
Q for the shaded area is the product of the area of the shaded portion and the
distance from the centroid of the shaded portion to the centroid of the cross section.
Finally, shear stress is a function in terms of y1. The shear stress distribution along
the cross section is parabolic because we have y1 squared in the equation of shear
stress.

We have zero shear stress at the bottom surfaces and the top surfaces, and at the
neutral axis of the cross section, we have maximum shear stress. Maximum shear
stress at the neutral axis means that y1 is equal to zero in equation 12. That is, tou
max is equal to V times h squared divided by 8I. If you substitute | equal to b times
h cubed divided by 12, and also substitute A equals b times h, the maximum shear
stress is 1.5 times shear force ‘V’ divided by the area of the rectangular cross
section as shown in the calculations in equation 13.
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Shear Formula

South Australia

The formulas for shear stresses in
rectangular beams are valid for beams of
ordinary proportions and are subject to the
same restrictions as the flexure formula for
which they are derived; thus, the formulas
are valid only for beams of linear elastic
material with small deflections.

The formulas for shear stresses in rectangular beams are valid for beams of other
cross section shapes; the condition here is the beam is of linear elastic material and
also has small deflections.
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Exercise 1

South Australia

The beam shown in the figure iIs made from two
boards. Determine the maximum shear stress in the
glue necessary to hold the boards together along the
seam where they are joined. The supports at B and C
exert only vertical reactions on the beam.

6.5 kN/m

Lets look at an example of shear stress formula. Here we have the T-shaped cross
section of a simply supported beam made from two boards, as shown in the figure.
We want to know the maximum shear stress in the glue necessary to hold the
boards together along the length of the beam where they are joined. We want to
know how strong the glue is required to carry the maximum shear stress. The beam
span is 8m with a Uniformly Distributed Load of 6.5 kilo Newtons per meter acting on
the right half span of the beam. The board dimensions are 150 millimeters width
and 30 millimeters thickness. You can try this problem for yourself if you want — just
pause the presentation here. The solution is on the next five slides.
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Exercise 1 Solution (1)

South Australia

SOLUTION

Internal Shear. The support reactions and the shear diagram for the
beam are shown in Fig. 7-12b. It is seen that the maximum shear in the
beam is 19.5 kN,

V(kN)

150 mm 30 mm
ractil 1

—

Dogem—— —
NEA ]
h 150 mm
i A T

30 mm

6.5kN 19.5kN
(b) -19.5

Section Properties. The centroid and therefore the neutral axis will be
determined from the reference axis placed at the bottom of the cross-
sectional area, Fig. 7-12a. Working in units of meters, we have

A [0.075 m](0.150 m)(0.030 m) + [0.165 m]}(0.030 m)(0.150 m)

v = = = ]
4 A (0.150 m)(0.030 m) + (0.030 m)(0.150 m) 0120 m

First, we have to calculate the reaction forces and draw the shear force diagram and
find the maximum shear force happening in the beam. To do this, we need to
calculate the reaction forces and then calculate shear force values at important
points. Then we need to connect all shear force values at important points, and
finally draw the Shear Force Diagram.

We have a reaction force at the left support of 6.5 Kilo Newtons and one at the right
support of 19.5 Kilo Newtons. Thus we get the shear force diagram that you can see
in the figure. The maximum shear force occurs at the right side support (that is, 19.5
kilo Newtons).

Now we need to know the centroid axis, the moment of inertia | and first moment of
particular area that ‘Q’ of the cross section. The centroid of the T shape from the
bottom of the cross section is Y bar equal to sigma y times A divided by sigma A.
We have two rectangles in the T shape cross section. The centroid of the bottom
rectangle from the bottom of the cross section is 75 millimeters, and the centroid of
the top rectangle from the bottom of the cross section is 165 millimeters (that is, 150
millimeters plus 30 millimeters divided by 2). We calculate the areas of individual
rectangular cross sections as 150 millimeters by 30 millimeters, which is 4500
square millimeters. Finally we can work out that the centroid of the whole cross
section is 120 millimeters from the bottom .
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Exercise 1 Solution (2)

South Australia

The moment of inertia, computed about the neutral axis, —_ ~ s
therefore
I= ‘IL_’((L(BU m)(0.150 m)* + (0.150 m)(0.030 m)(0.120 m — 0.075 m }"‘

+ %((1‘15() m)(0.030 m)‘ + (0.030 m)(0.150 m)(0.165 m — 0.120 m]"| =27.0(10°%) m*
B The top board (flange) is being held onto the bottom board (web) by
the glue, which is applied over the thickness r = 0.03 m. Consequently A”
is defined as the area of the top board. |~ 1. We have
@ =yA" =[0.180 m — 0.015 m — 0.120 m}(0.03 m){0.150 m)
0.2025(10%) m*
Shear Srress.  Using the above data and applying the shear formula
yields
Vo 195 kN(0.2025(10 %) m*) \\
Ty == ——————————— =488 MPa Ans.
It 27.0(10"%) m*(0.030 m)

The shear stress acting at the top of the bottom board is shown in Fig.
" "c. Note that it is the glue’s resistance to this lateral or
horizontal shear stress that is necessary to hold the boards from Plane containing glue
slipping at the support C. |

Now you need to calculate the moment of inertia, the | value (look back at lecture 5a
if you are unsure). The | value includes the contribution of both rectangles, so we
need do the calculation separately for each individual rectangle and then add them
together. The | value for the whole cross section is 27 times 10 to the power of
minus 6 meters to the power of 4.

Now, calculate the moment of inertia for the T shape cross section. The moment of
inertia for each rectangle is the contribution of self moment of inertia plus Area times
d1 square as per parallel axis theorem.

Now, we need the calculation of Q. The shear formula says that shear stress ‘tou’ is
equal to V times Q divided by ‘It’. We have maximum shear force of 19.5 Kilo
Newtons at the right support. We calculated the | value that is 27 times 10 to the
power of 6 millimeters to the power of 4.
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Exercise 1 Solution (3)

South Australia

The moment of inertia, computed about the neutral axis, —_ ~ s
therefore
I= ‘IL_’((L(BU m)(0.150 m)* + (0.150 m)(0.030 m)(0.120 m — 0.075 m }:‘

+ %((1‘15() m)(0.030 m)* + (0.030 m)(0.150 m)(0.165 m — 0.120 m)-’| =27.0(10 %) m*
B The top board (flange) is being held onto the bottom board (web) by
the glue, which is applied over the thickness r = 0.03 m. Consequently A”
is defined as the area of the top board. F'_ ~ 1. We have
Q=yA =[0.180 m — 0.015 m — 0.120 m](0.03 m)(0.150 m)
0.2025(10%) m*
Shear Srress.  Using the above data and applying the shear formula
yields
Vo 195 kN(0.2025(10 %) m*) Do
Tmax = 5~ = ——— e ——— =488 MPa Ans.
It 27.0(10"%) m*(0.030 m)

The shear stress acting at the top of the bottom board is shown in Fig.
~ “c. Note that it is the glue’s resistance to this lateral or
horizontal shear stress that is necessary to hold the boards from Pla
slipping at the support C.

t is the width of the beam where to calculate shear stress. The t parameter varies
from point to point. If you want to calculate the shear stress at the junction of the two
boards (that is, the junction of the flange and the web of the T-shape cross section),
then ‘t” will be 30 millimeters. If you want to calculate the shear stress anywhere in
the top flange, the thickness will be 150 millimeters. If you want to calculate the
shear stress at anywhere in the web, t is 30 millimeters. That means that the shear
stress is much larger in the web than in the flange, because t is in the denominator.
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Exercise 1 Solution (4)

South Australia

The moment of inertia, computed about the neutral axis, —_ ~ s
therefore
I= ‘IL_’((L(BU m)(0.150 m)* + (0.150 m)(0.030 m)(0.120 m — 0.075 m }"‘

+

%((1‘15() m)(0.030 m)‘ + (0.030 m)(0.150 m)(0.165 m — 0.120 |n]"| =27.0(10°%) m*
B The top board (flange) is being held onto the bottom board (web) by
the glue, which is applied over the thickness r = 0.03 m. Consequently A”
is defined as the area of the top board. |~ 1. We have
@ =yA" =[0.180 m — 0.015 m — 0.120 m}(0.03 m){0.150 m)
02025(10") m*

Shear Srress.  Using the above data and applying the shear formula
yields
Vo 195 kN(0.2025(10 %) m*) \\
Tmax = 5 = oo e a o = 488 MPa Ans.

It 27.0(10 %) m*(0.030 m)
The shear stress acting at the top of the bottom board is shown in Fig.
" "c. Note that it is the glue’s resistance to this lateral or
horizontal shear stress that is necessary to hold the boards from Plane containing glue
slipping at the support C. |

We also need to know Q, the first moment of the cross section. If we want to
calculate the shear stress at the junction of two rectangles (that means the junction
of two boards), then the shaded area is the top rectangle (which is 150 millimeters
times 30 millimeters). The y bar of the shaded area will be the distance from the
neutral axis or centroid of whole cross section to the centroid of the shaded area.
This distance is 180 millimeters minus 120 millimeters minus 15 millimeters, as
shown in the calculation. This is because the 180 millimeters is the total height of
cross section, and the centroid distance from bottom is 120 millimeters. The centroid
of the shaded area is 30 millimeters divided by 2, which is 15 millimeters. Then
finally we have the first moment of the shaded area of the cross section, which is
0.2025 times 10 to the power of minus 3 cube meters. The unit of the first moment
of area is cubic meters, and the unit of the second moment of inertia is meters to the
power of 4.
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Exercise 1 Solution (5)

South Australia

The moment of inertia, computed about the neutral axis, —_ ~ s
therefore
I= ‘IL_’((L(BU m)(0.150 m)* + (0.150 m)(0.030 m)(0.120 m — 0.075 m }3‘

+

%((1‘15() m)(0.030 my* + (0.030 m)(0.150 m)(0.165 m — 0.120 m)-’| =27.0(10 %) m*
B The top board (flange) is being held onto the bottom board (web) by
the glue, which is applied over the thickness r = 0.03 m. Consequently A”
is defined as the area of the top board. F'_ ~ 1. We have
Q=yA =[0.180 m — 0.015 m — 0.120 m](0.03 m)(0.150 m)
0.2025(10%) m*

Shear Srress.  Using the above data and applying the shear formula
yields

Vo 195 kN(0.2025(10 %) m*) Do
Ty == e = 488 MPa Ans.

It 27.0(10"%) m*(0.030 m)
The shear stress acting at the top of the bottom board is shown in Fig.
~ “c. Note that it is the glue’s resistance to this lateral or
horizontal shear stress that is necessary to hold the boards from Pla
slipping at the support C.

If we input all values into the shear formula, we work out that the shear stress at the
junction of two boards is 4.88 Mega Pascals or Newtons per square millimeter.
Remember to be careful with the units — it is easy to lose marks in a assessment by
putting incorrect units.

This shear stress occurs at the right side support cross section at the junction of the
flange and the web - the junction point of two boards.
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Shear Stresses in the Web of Beams

University of

South Australia Wlth Flan ges

The shear stress will vary only slightly throughout the
web, and a jump in shear stress occurs at the flange -
web junction since the cross-sectional thickness
changes at this point.

Web

Flanges

\

parabola

Let’s have a look at shear stresses in the web of beams with two flanges; that is, an |
shape cross section as shown in the figure. We have shear stress distribution as
shown in right figure, and a jump in shear stress at the joints of flanges and web, as
shown in the right figure.
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Shear Stresses in the Web of beams

Universi ty of

with Flanges

Flanges

lal 1l

This is based on the formula tou is equal to shear force V times Q divided by It. At
the junction of flange and web, we have the same V, same Q and same |, but at the
junction of web and flange, we have two options for the width of the cross section.
One is the flange width, and the other is the web width at the joint. We have a jump
in shear stress because of the jump in the width of the cross section at the joint.
Maximum shear stress occurs at the neutral axis of the whole cross section. In the
flange, we have low shear stress — the shear stress is much higher in the web.



ENR202 Mechanics of Materials Lecture 6A Slides and Notes

Slide 24

ENR202 6a -- Slide No. 24

Shear Stresses in the Web of beams

. with Flanges

Flanges

Here are the important point on how to calculate Q.

If we have an | shape cross section, then first calculate the centroid axis of the cross
section.

If you want to know the shear stress at some certain point in the cross section, you
have to calculate the area of the bottom part or top part of the cross section below
/or/ above that point.

Q is equal to integration y times dA. Separate the shape into rectangles to
calculate the centroid of the shaded area. Calculate the distance between the
centroid of the whole cross section to the individual rectangle centroids. Calculate
the individual rectangle area. You will get the first moment of the shaded area as
being Q equal to ys times A4 plus y2 times A, , as shown in the figure. You firstly
have to know how to calculate Q and secondly how to use the values of t, the width
of the cross section.
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Limitations on the use of the shear

University of

il formula

‘ B b/h=0.5, 7', is about 3%

< l[Il | [ greater than the shear stress
o = 7 ;/ calculated from the shear
! = formula.

b/h=2 (flat sections), ', iS 40%
I greater than the shear stress
" calculated from the shear formula.

The result will not be accurate if one uses
the shear formula to determine the shear
stress in the flange of a wide-flange beam.

You need remember the limitations on the use of the shear formula. As | mentioned
before, the shear stress is uniform throughout the width of the beam at some point
on the cross section. Based on width to height ratio, the calculated real maximum
shear stress value varies with the shear formula value.

How much can the value vary? If the width to height ratio is 0.5, the maximum
shear stress is about 3 percentage greater than the shear stress calculated by the
shear formula, as shown in the top figure. You can see real shear stress distribution
and shear formula stress distribution in the top figure. If the width to height ratio is 2
(flat sections), the maximum shear stress is about 40 percentage greater than the
shear stress calculated by shear formula as shown in the bottom figure. You can see
the real shear stress distribution and shear formula stress distribution in the bottom
figure.
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mesyot AVErage Shear Stress in the web

South Australia

In the design work, it is common to calculate
an approximation of the maximum shear stress
and this shear stress represents an average
shear stress in the web:

Tave =
®\ Web

area

For typical wide flange beams, t,, is within
10% of the actual maximum shear stress.

In design work, it is common to calculate an approximation of the maximum shear
stress. The approximate shear stress represents an average shear stress in the web
equal to the shear force divided by the web area. For typical wide flange beams, the
average shear stress is within 10 percentage of the actual maximum shear stress.
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Exercise 2

South Australia

Example 2: A steel wide-flange beam has the
dimensions shown in the figure. If it is subjected to a
shear of V=80kN, (a). plot the shear-stress distribution
acting over the beams cross-sectional area, and (b)
determine the shear force resisted by the web.

Here we have another example - a steel wide flange beam which has the
dimensions shown in the figure. If it is subjected to a shear force of 80 kilo Newton,
plot the shear stress distribution over the wide flange beam cross section. Then
determine the shear force resisted by the web. Pause the presentation now and try
to do this problem. The answer is on the following slides.
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Exercise 2 Solution (1)

Part (a). The shear-stress distribution will be parabolic and varies in
the manner shown in Fig. 7 21h. Due to symmetry, only the shear
stresses at points B’, B, and C have to be computed. To show how these
values are obtained, we must first determine the moment of
inertia of the cross-sectional area about the neutral axis. Working in
meters, we have

I= \ll—z((),()]:'s m)(0.200 m)*

t+ 2

112(().3()(1 m)(0.02 m)* + (0.300 m)(0.02 m)(0.110 m)*

=155.6(10"%) m*

Lets start by working out the shear stress distribution over the wide flange beam
cross section. Think back to the formula we use to calculate shear stress; tou is
equal to V times Q divided by It. We know the shear force is 80 kilo Newtons. The
thickness of the beam and the first moment ‘Q’ varies from point to point on the
cross section. The moment of inertia about the horizontal axis is constant for whole
cross section. In this slide, we are calculating the moment of inertia for the wide
flange beam |-shaped cross section. This cross section is symmetric in both the
horizontal and vertical axes. You can calculate the moment of inertia about the
horizontal axis by the negative area principle or the general procedure, explained in
lecture 5a. The web dimensions are 15 mm thickness and 200 mm height. The self
moment of inertia of the web is 15 mm times 200 mm cubed divided by 12. The wide
flange dimensions are 300 mm width and 20 mm thickness. We have two flanges,
one at the top and one at the bottom. The self moment of inertia of the flange is 300
mm times 20 mm cubed divided by 12. The area of the flange is 300 mm times 20
mm and the distance between the centroid of the flange to the centroid of the whole
cross section is 110 mm (that is, 100 mm plus 20 mm divided by 2). We have two
flanges contributing to this cross section. Finally, you could work out that the moment
of inertia for this cross section is equal to 155.6 times 10 to the power of 6 mm to the
power of 4.
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Exercise 2 Solution (2)

For point B', t5- = 0.300 m, and A" is the dark shaded area shown
in Fig. 7-11¢. Thus,
Qp = ¥V'A = [0.110 m](0.300 m)(0.02 m) = 0.660(1077) m*
so that
VQyp  80KN(0.660(107%) m?)
= YQu _ SORNOOI0 Jm) 4y yp,
Ity 155.6(10 %) m*(0.300 m)
For point B, 1z = 0.015 m and Qp = Qp, Fig. 7-11c. Hence
Vo 80 kN(0.660(107%) m?
Tp=—t= # =22.6 MPa
Ity 155.6(10%) m*(0.015 m)
B 'r,,‘z‘l 13 MPa 0.02m
: ! ay=m6Mpa k 0.300m -{i
| [*T
| re=252MPa BB 0.100m
| N ‘ A
| 22.6 MPa
HRTREIV'S
(by
(©)

The given | shape cross section is symmetrical on both axes. Therefore, any shear
stress at the top surface and the bottom surface are equal to zero. The shear stress
at the junction of the top flange and the web is the same as the shear stress at the
junction of the bottom flange and the web. Finally you will get a symmetrical shear
stress distribution about the horizontal axis. Now you need to calculate the first
moment of area about the neutral axis. The width of the beam at B dash point is
equal to 300 mm. The B dash point is located on the flange just above the web, as
shown in figure c. Point B is located on the web and just below the flange, as shown
in figure c. Point C is located in middle of the cross section. The width of the beam
at point B is the thickness of the web, which is 15 mm. The Q values are the same
for Points B and B dash. The first moment of the top flange area about the neutral
axis is ‘QB or QB dash’. The area of the flange is 300 mm times 20 mm. They
dash bar is the distance from the centroid of the shaded top flange portion to the
centroid of the whole cross section, which is 110 mm (that is, 100 mm plus 20 mm
divided by 2). The Q value is the product of the area of the shaded top flange
portion and the y dash bar, which is equal to 660 times 10 to the power of 3 mm to
the power of 3. Now you know all the values of Q, the moment of inertia |, and the
thickness at Points B and B dash. Therefore, you can calculate the shear stress at
point B dash, which is 1.13 Mega Pascals, and the shear stress at point B which is
22.6 Mega Pascals.
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Exercise 2 Solution (3)

South Australia

Note from the discussion of “Limitations on the Use of the Shear
Formula™ that the calculated value for both 75 and 75 will actually be
very misleading. Why?

For point C. 1 = 0.015 m and A" is the dark shaded area shown
in Fig. 7-11d. Considering this area to be composed of two rectangles,
we have

Qc =X A’ = [0.110 m](0.300 m)(0.02 m)
+ [0.05 m](0.015 m)(0.100 m)
Thus, =0.735(10"") m
VO, 80 kNJ0.735(10%) m?
TC = Tmax = Qe % =252 MPa
Ite 155.6(10° %) m*(0.015 m)
002m B Tp=113MPa
F 0300 m P
[
A o015 m—— 0.100 m '
i |
C \
| '
() b

Now, we can calculate the shear stress at point C (the centroid of the cross section,
as shown in the figure.) We know that the width of the beam at C is 15 mm. The
first moment of the top flange area plus half the web area about the neutral axis is
‘QC’. Let’s look at calculating the shear stress at any point in more detail. You
need to cut the cross section at the point where you want to calculate the shear
stress. Then you need to consider the top or bottom of the cutting cross section.
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Exercise 2 Solution (4)

Note from the discussion of “Limitations on the Use of the Shear
Formula™ that the calculated value for both 75 and 75 will actually be
very misleading. Why?

For point C. 1 = 0.015 m and A" is the dark shaded area shown

in Fig. 7-11d. Considering this area to be composed of two rectangles,
we have
Qc =2 y'A" = [0.110 m](0.300 m)(0.02 m)
+ [0.05 m](0.015 m)(0.100 m)

Thus, = 0.735(10 %) m°
VO, 80 kNJ0.735(10%) m?

= ('( = % =25.2 MPa
Ite 155.6(10° %) m*(0.015 m)

Te = Tmax

002m 7= 1.13MPa

»
f 0.300m—— [N
. | X 75=22.6 MPa
Yoosm——  ouom | =252 MPa
A . —a 1 ees
) !
: [ 22.6 MPa
— 7 :

() b

Here we consider the top part of the cross section (that is, the shaded area, as
shown in the figure). We calculate the Q value for two different parts. The first is
the top flange shaded area and the second is the web shaded area. The contribution
of the top flange to the Q value is the product of the flange area and the y bar dash.
The area of the flange is 300 mm times 20 mm and the y dash bar is the distance
between the centroid of the shaded top flange portion and the centroid of the whole
cross section, which is equal to 110 mm (that is, 100 mm plus 20 mm divided by 2).
The contribution of the shaded web to the Q value is the product of the shaded web
area and the y bar dash. The area of the shaded web is 15 mm times 100 mm and
the y dash bar is the distance between the centroid of the shaded web portion and
the centroid of the whole cross section, which is equal to 50 mm (that is, 100 mm
divided by 2). The sum of both Q values equals 735 times 10 to the power of 3 mm
cubed. Now, you know all the values for the shear force: Q, the moment of inertia I,
and the thickness at Point C (15 mm). Therefore, you can calculate the shear
stress at point C as being equal to 25.2 Mega Pascals. We know the shear stress
values at the top surface, the bottom surface, the junction of flange and web, and the
middle of the cross section. You know that shear stress distribution is a parabolic
variation. Now you can draw the shear stress distribution. However, remember that
we have two values at the junction of the flange and web - one if you consider the
width of the flange as thickness, and the other if you consider the thickness of the
web as thickness. Therefore, there is a jump at the junction of flange and web. You
can see all shear stress values in shear stress distribution as shown in the right
figure.
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Exercise 2 Part B solution (5)

Part (b). The shear force in the web will be determined by first
formulating the shear stress at the arbitrary location y within the web,
Fig.”  e. Using units of meters, we have
1 =1556(10"% m*
1=0.015m
A" = (0.300 m)(0.02 m) + (0.015 m)(0.1 m — y)

Q =2yA = (0.11 m)(0.300 m)(0.02 m)
+y + ‘, (0.1 m = ¥)}(0.015 m)(0.1 m — y)

= (0.735 — 7.50 y)(10" %) m*

In the second part of the problem, you need to determine the shear force resisted by
the web. The shear force in the web will be determined by first formulating the shear
stress at the arbitrary location y from the centroid of the | cross section within the
web, as shown in the figure. So, we cut the cross section at a distance of ‘y’ from the
centroid axis. Now consider the shaded area that is the thick blue color, as shown in
the figure. The width of the cutting cross section is 15 mm. Now we need to
calculate the Q value for the shaded portion. We have already calculated Q for the
top flange portion. Now we come to the web portion. The contribution of shaded
web area to the Q values is the product of the area of the shaded web, which is 15
mm times 100 mm minus y, as shown in the figure and the y bar dash. The area of
the shaded web is 15 mm times 100 mm minus y. The y dash bar is the distance
between the centroid of the shaded web portion to the centroid of the whole cross
section, which is equal to y plus half of 100 mm minusy. The sum of both Q values
equals 0.735 minus 7.5 times y squared to the power of minus 3 meters cubed.
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wesvo  EXErcise 2 Part B solution (6)

South Australia

so that
VQ 80 kN(D.735 — 7.50 y*)(10_*) m*

It (155.6(107%) m*)(0.015 m)
= (25.192 - 257.07 y*) MPa

This stress acts on the area strip dA = 0.015 dy shown in Fig.
e, and therefore the shear force resisted by the web is

0.1 m
V= J TdA = J (25.192 — 257.07 ¥H)(10°)(0.015 m) dy
A, —0.1 m

V, =73.0kN \ns.

Note that by comparison, the web supports 91% of the total shear
(80 kN), whereas the flanges support the remaining 9%. Try solving this
problem by finding the force in one of the flanges (3.496 kN) using the
same method. Then V,, = V — 2V, = 80 kN —2(3.496kN) = 73.0 kN.

Now, we can calculate the shear stress at a distance of ‘y’ from the centroid axis, but
within the web portion which is equal to V times Q divided by It. We know all the
values, and can get the shear stress at a distance y from the centroid axis is 25.192
minus 257.07 times y squared Mega Pascals. This stress acts on the area strip dA
which is equal to 15 mm times dy, as shown in the previous slides. Now we can
determine the shear force resisted by the web. That means the distance ‘y’ changes
from minus 100 mm to positive 100 mm. We have to integrate the equation between
these two limits.  Then we can get the shear force resisted by the web as 73 kilo
Newtons. The total shear force is 80 kilo Newtons, which means the shear force
resisted by both flanges is equal to 80 kilo Newtons minus 73 kilo Newtons, which is
equal to 7 kilo Newtons. By comparison, the web carries 91 percent of the total
shear force (that is, 80 kilo Newtons), whereas the flanges resist the remaining 9
percent. The shear force resisted by one flange is 3.5 kilo Newtons. If you would
like more practice, try the same problem but considering the point in the flange and
calculate the shear force resisted by one flange.
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THANK YOU

Thank you for your attention. Next lecture we continue with same topic, but focus on
shear stresses in built up beams.



