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Lecture 9b – Column Buckling 

(w1,w2,w3,w4,w5,w6,p1,p2,v1,v2,v3,v4

,v5,v6,v7)

ENR 202 Mechanics of Materials

 

Hello and welcome to Lecture 
Summary 9b.    Let’s continue with 
the same topic as the last lecture: 
column buckling.   Remember that 
internet links are given in the 
brackets, in case you have any 
problems understanding the 
lectures.  
 
 

Slide 3 
Columns with other support conditions

When a column end 
support is fixed (not 
pinned) it can transfer 
moment into the 
connection. 

This makes the column 
“stiffer” and has the 
same effect as having 
a shorter column. 

This has a great effect 
on the buckling load 
(Pcr) of the column.

P P

When a column 
end support is 
pinned, it cannot 
transfer moment 
into the 
connection. 

The connection condition has a big influence on the
“effective length” Le of the column in the buckling formula.

Effective 
length Le

The deflection curve 

looks like this.

The deflection curve 

looks like this.
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Effective 
length Le

 

In this lecture, we will look at 
columns with other support 
conditions.   If a column is 
subjected to an axial compressive 
load with both ends pinned, the 
moment will not be transferred at 
the pinned ends, because, as you 
know, pinned ends cannot carry 
any moment.  Therefore, the 
effective length is equal to the total 
length of the column, as shown in 
the left figure.    
However, suppose that one end is 
fixed, as shown in the right side 
figure. You know that the fixed end 
transfers moment, which means 
the column has more stiffness in 
lateral deflection. Therefore, the 
column on the right has a more 
critical buckling load than the 
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column on the left.  Therefore, the 
right column is effectively shorter 
than the left column.    In fact, the 
effective length is the wave length 
of sine function, as shown in the 
left figure.  The column with both 
ends pinned has a column wave 
length which is the full length of 
the column.   The column with one 
end pinned and other end fixed 
has a column wave length which is 
0.7 times the length of the column.  
That means the effective length is 
equal to 0.7 times the length of the 
column.  
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Effective 
length Le

 

The wave length should be 
considered from where lateral 
deflection is zero to another point 
with zero lateral deflection, as per 
sine wave length definition.   If a 
column has one end fixed and 
another end pinned, there is no 
rotation at the fixed end.   In this 
case, the effective length is not the 
total length of the column.   It is 
the distance of the sine wave 
length; that is, the distance from 
where lateral deflection starts at 
zero to another point where the 
lateral deflection is zero, as shown 
in the right figure.   In this case, 
the effective length is 0.7 times the 
length of the column.    Generally, 
the column will buckle in the shape 
of the sine wave length.   
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Columns with other support conditions

Many design codes provide column formulas that employ a

dimensionless coefficient K called the effective-length factor

Le = KL

2

2

e

cr

L

EI
P




The column’s effective length (Le) changes with 

different support conditions which changes the 

column’s critical buckling load.

So when using Euler’s formula 

we use the effective length
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Therefore, we use a parameter to 
indicate columns with different end 
conditions: the effective length 
factor is denoted by the symbol ‘k’ 
. The effective length is equal to 
‘k’ times the original length of the 
column ‘L’.   Now, we use Euler’s 
formula.     It becomes pi squared 
times E times I divided by Le 
squared.  
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Now, let’s look at the effective 
length factor ‘k’ for different end 
conditions.   If a column has both 
ends pinned, the effective length is 
equal to the total length of the 
column, as shown in figure a.  That 
means that the effective length 
factor is 1.    
If we have a column with one fixed 
end and another pinned end, the 
effective length is 0.7 times the 
total length of the column, as 
shown in figure d.  That means 
that the effective length factor is 
0.7.  
If the column has two fixed ends, 
the effective length is 0.5 times the 
total length of the column, as 
shown in figure c.  That means 
that the effective length factor is 
0.5.    
If the column has one fixed end 
and one free end (this is a 
cantilever column), the effective 
length is 2 times the total length of 
the column, as shown in figure b.  
That means that the effective 
length factor is 2.     
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Therefore, the critical buckling 
load depends on the effective 
length factor.    The effective 
length is in the denominator in 
Euler’s buckling formula. So if you 
have less effective length, you will 
get a more critical buckling load, 
and vice versa.  
 
Look at the buckle shape of the 
column in the figures.   The 
columns buckle in the shape of the 
sine wave length.   The sine wave 
length starts with zero lateral 
deflection to zero lateral deflection.    
Indirectly, that means from zero 
bending moment point to zero 
bending moment point.  
 
The smallest k value is 0.5, then 
0.7, then 1, then 2.   So the 
greatest critical buckling load is in 
a column in which both ends are 
fixed; the next is with one pinned 
end and one fixed end, then with 
two pinned ends, then with one 
fixed end and one free end.  
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Exercise 1, using Le

P

L=10m

200

220

10

10

Iyy = 13.4*106mm4

Find the critical load for this one end fixed 
connection steel column σa =300MPa

Length = 10m, Es = 200,000MPa
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This exercise is the same as the 
exercise in Slide 19 of the 
previous lecture, except that the 
end conditions are different from 
that example.   Here, one end is 
fixed and the other end is pinned.    
Go back and look again at the 
solution to that exercise.  Then try 
to work out this exercise.  The 
solution is on the next slide.   
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Exercise 1 Solution

 

First, you need to calculate the 
effective length of the column.   
What is the effective length factor 
for a column with one fixed end 
and one pinned end?   (Note that 
you will need to memorise the list 
of effective length factors for 
different end conditions.)     In the 
last lecture, for this example, you 
calculated the moment of inertia 
about the x-x axis and the y-y axis 
for the I shape and the y axis.  
Young’s modulus of steel is 200 
000 Mega Pascals, and the 
moment of inertia about the y-y 
axis is 13.4 times 10 to the power 
of 6 mm to the power of 4.   The 
effective length is 0.7 times the 
total length of the column; that is 7 
meters.   If you substitute all the 
values into the general buckling 
formula you get pi squared times E 
times I divided by Le squared, 
which is 540 Kilo Newtons.    In 
the previous lecture example, the 
critical buckling load was 265 kilo 
Newtons.  Therefore, the column 
with one fixed end and one pinned 
end can take approximately 100% 
more load than the column with 
two pinned ends.  
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Different end conditions for each axis

Sometimes only one axis is considered 
to have a fixed connection while the 
other axis is considered to be pinned

Some examples….

Web stiffeners 
on only one axis 
(y axis)

x

y

fixed
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Now we will look at one more 
concept covering different end 
conditions for each axis.   In the 
left figure, we consider the x axis 
to have a pinned connection, while 
we consider the y axis to be a 
fixed connection.  The column can 
easily buckle in the direction of the 
x-axis, but it would be difficult for it 
to buckle in the direction of the y-
axis.   We have stiffeners in the y-
direction, which stiffen it in the 
lateral y-axis direction.  Therefore, 
we have a fixed end in the y 
direction and a pinned end in the 
x-direction.   The moment can 
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transfer in the y-direction, but not 
in the x-direction. Therefore, the x-
axis and the y-axis have different 
effective length factors.  So you 
need to calculate the critical 
buckling load for both axes. It is a 
good idea to make stiffeners on 
the weaker axis.  The critical 
buckling load in the x-axis is pi 
squared times E times Ixx divided 
by Lex squared.  In the y-axis, the 
critical buckling load is pi squared 
times E times Iyy divided by Ley 
squared.  In the right figure, we 
have one fixed axis and one 
pinned axis.  
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Exercise 2
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If the column is assumed to be

fixed at its base, determine the

largest allowable load P that can

be applied.

Use a buckling safety factor of

F.S. = 3.0.

Eal = 70GPa

y=215MPa

A=7.5(10-3)m2

Ix=61.3(10-6)m4

Iy=23.2(10-6)m4

 

In this exercise, the aluminium 
column is fixed at the bottom end.  
It is braced at the top by cables, so 
as to prevent movement at the top 
along the x-axis, as shown in 
image.  It is free to move on the y-
axis.    
The cables give support in the x 
direction, but there are no 
supporting cables in the y 
direction, as you can see in the 
figure.  The total length of the 
column is 5 meters.   You need to 
calculate maximum load that can 
apply on this column if the 
buckling safety factor is 3.  The 
solution is on the next two slides. 
 
Youngs modulus of Aluminium is 
70 000 Mega Pascals and yield 
stress is 215 Mega Pascals.  The 
area of the I-shaped cross section 
is 7500 square mm.   The moment 
of inertia about the x-x axis is 61.3 
times 10 to the power of 6 mm to 
the power of 4.  The moment of 
inertia about the y-y axis is 23.2 
times 10 to the power of 6 mm to 
the power of 4. 
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Exercise 2 Solution (1)

 

First, you need to convert all units 
to mms and Mega Pascals.  
Young's modulus of Aluminum is 
70 000 Mega Pascals and the 
yield stress is 215 Mega Pascals.  
The moment of inertia about the x-
x axis is 61.3 times 10 to the 
power of 6 mm to the power of 4.  
The moment of inertia about the 
xy-y axis is 23.2 times 10 to the 
power of 6 mm to the power of 4. 
 
Secondly, calculate the effective 
lengths for both axes.  The 
aluminium column is fixed at 
bottom end and is braced at its top 
by cables, to prevent movement at 
the top along the x-axis, and is 
free to move on the y-axis.   Note 
an important point here: if the 
column buckles in the x-direction, 
you should use the moment of 
inertia about the y-y axis, and if 
the column buckles in the y-
direction, you should use the 
moment of inertia about the x-x 
axis. 
 
So, to apply that rule here: if the 
column buckles in an x direction, 
you should use the moment of 
inertia about the y-y axis (Iy).   The 
effective length will be 0.7 times 
the original length.  If the column 
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buckles in the y direction, you 
should use the moment of inertia 
about the x-x axis (Ix).  The 
effective length will be 2 times the 
original length because there is 
one fixed end and one free end. 
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Exercise 2 Solution (2)

 

If the column buckles in the y 
direction, you should use the 
moment of inertia about x-x axis 
(Ix).   The effective length will be 2 
times the original length which is 
10 meters (because one end is 
fixed and the other end is free).   
The critical buckling load about the 
x-x axis is equal to pi squared 
times 70 000 times 61.3 times 10 
to the power of 6 divided by 10 
000 squared.   So, you should get 
the value for the critical buckling 
load about the x-x axis as 424 kilo 
Newtons.  
If the column buckles in x 
direction, you should use moment 
of inertia about the y-y axis (Iy).  
The effective length will be 0.7 
times the original length (that is, 
3.5 meters).   The critical buckling 
load about the y-y axis is equal to 
pi squared times 70 000 times 
23.2 times 10 to the power of 6 
divided by 10 000 squared.   So, 
you should get the value for the 
critical buckling load about the y-y 
axis as 1310 kilo Newtons.  
Therefore, the column will buckle 
about the x-x axis, in the y-
direction.    Consider a safety 
factor of 3.   The maximum 
allowable load ‘P’ is 424 divided 3, 
which is 141.3 kilo Newtons.   To 
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check for stress, the calculation 
according to compressive failure is 
424 000 Newtons divided by 7500 
square mms, which is equal to 
56.5 Mega Pascals.  This is less 
than 215 Mega Pascals, so the 
column will fail by buckling.  
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What is the maximum load that can be applied to this
steel frame so that B-C doesn’t buckle? Due to the forked
ends on this member, consider the supports at B and C to
act as pins for x-x axis buckling and as fixed supports for
y-y axis buckling.

Exercise 3  
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This exercise concerns a truss 
structure with two members.  The 
BC member has a rectangular 
cross section 25 mm wide and 35 
mm deep.  If you apply load ‘P’ on 
the AB member at a distance of 2 
meters from Point A, as shown in 
the figure, the BC member will get 
shorter.   Therefore the BC 
member needs to resist the axial 
compressive load. You need to 
check the buckling capacity of the 
BC member.  In fact, the BC 
member has two types of 
boundary conditions, due to the 
forked ends on this member.  
Member BC acts as a pinned end 
for the x-x axis and as a fixed 
support for y-y axis buckling.  
 
You need to calculate the 
maximum load ‘P’ that can be 
applied to this steel frame so that 
member BC doesn’t buckle.   This 
example is interesting because at 
both ends, there are different end 
conditions for each axis.  Pause 
this presentation and try to solve 
this problem.   The solution is on 
the next three slides.   
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Exercise 3 Solution (1)

 

First, calculate the effective 
lengths for each axis.  Suppose 
member BC buckles about the x-x 
axis.  Due to the forked ends at 
both joints, both ends are pinned 
about the x-x axis, so the effective 
lengths about the x-x axis are 
equal to 5 meters.  That means the 
effective length factor is 1. The BC 
member is inclined, with a 
horizontal distance of 4 meters 
and a vertical distance of 3 
meters.   The length of member 
BC is 5 meters. The effective 
length about the y-y axis is equal 
to the effective length factor times 
the length of the member, which is 
2.5 meters.  Here, the effective 
length factor is 0.5 because both 
ends are fixed, due to the forked 
ends which mean buckling will be 
in the x-direction.  
 
Secondly, you need to calculate 
the moment of inertia about the x-x 
axis and the y-y axis.  We have a 
rectangular cross section for the 
BC member 25 mm wide and 35 
mm high.     The moment of inertia 
about x-x is 25 mm times 35 mm 
to the power of 3 divided by 12, 
which is equal to 0.09 times 10 to 
the power of 6 mm to the power of 
4.  The moment of inertia about y-y 
is equal to 35 mm times 25 mm to 
the power of 3 divided by 12, 
which is equal to 0.045 times 10 to 
the power of 6 mm to the power of 
4. 
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Exercise 3 Solution (2)

 

We know Young's modulus is 200 
000 Mega Pascals, and the 
moment of inertia about the x-x 
axis is 0.09 times 10 to the power 
of 6 mm to the power of 4, and the 
effective length about the x-x axis 
is 5 meters. You can calculate the 
critical buckling load about the x-x 
axis as equal to pi squared times 
200 000 times 0.09 times 10 to the 
power of 6 divided by 5 000 
squared, which is equal to 7.1 kilo 
Newtons.   What about the y-y 
axis?  Young's modulus is 200 000 
Mega Pascals, the moment of 
inertia about the y-y axis 0.045 
times 10 to the power of 6 mm to 
the power of 4 and the effective 
length about y-y axis is 2.5 meters. 
You can calculate the critical 
buckling load about the y-y axis as 
equal to pi squared times 200 000 
times 0.045 times 10 to the power 
of 6 divided by 2.5 thousand 
squared, which is equal to 14.2 
kilo Newtons. Therefore, the x-x 
axis is critical for buckling.  
 
 
 

Slide 17 
ENR202  9b -- Slide No. 17

Exercise 3 Solution (3)

P

P

 

For the third step you need to 
calculate the maximum load ‘P’ 
that can be applied on the AB 
member.  The critical buckling load 
of the BC member is 7.1 kilo 
Newtons. You need to calculate 
the horizontal component and the 
vertical component of the inclined 
buckling load, as shown in the 
figure.  The horizontal component 
of the buckling load is equal to the 
horizontal distance of 4 meters 
divided by the inclined member 
BC, which has a distance of 5 
meters, multiplied by the buckling 
load which is equal to 5.7 kilo 
Newtons.   Now apply the 
equilibrium equation that all forces 
moments about point  A are equal 
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to zero.   So 5.7 times the distance 
of 3 meters in a clock wise 
direction and P times 2 meters 
about Point A in an anti-clockwise 
direction.   Finally you will get the 
value of P equal to 8.6 kilo 
Newtons.  
 
You need to check the maximum 
compressive stress.  The 
calculation according to 
compressive failure is 7.1  
thousands Newtons divided by 25 
mm times 35 mm is equal to 8.1 
Mega Pascals, which is a very 
small value and less than 250 
Mega Pascals, so the column will 
fail by buckling.  
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Summary

• Columns under axial compression can fail either by 

yielding or buckling (check both)

• Use Euler’s formula to calculate critical buckling load

• Different end conditions change the effective length of 

a column which changes its capacity

• We usually apply a F.S. to buckling loads

2

2

e

cr

L

EI
P
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Lets summarise the concepts of 
column buckling.   There are two 
possibilities of failure when axial 
compression is applied on the 
column; it may fail by either by 
yielding or buckling.  You need to 
check both of them.  The Euler’s 
buckling load formula is pi squared 
times EI divided by the effective 
length squared.   The effective 
length changes with different end 
conditions and changes its 
buckling capacity.   We usually 
apply a factor of safety to a 
buckling load because this failure 
is sudden and dangerous.  
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THANK YOU
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Thanks for your attention.   In the 
next lecture, we will learn about 
the concepts of torsion that is 
twisting moment.  
 
 

 


