
ELEMENTARY NUMBER THEORY
AND METHODS OF PROOF

The underlying content of this chapter is likely to be familiar to you. It consists of
properties of integers (whole numbers), rational numbers (integer fractions), and real
numbers. The underlying theme of this chapter is the question of how to determine the
truth or falsity of a mathematical statement.

Here is an example involving a concept used frequently in computer science. Given
any real number r, the floor of ;r, or greatest integer in x, denoted ixl , is the largest integer
that is less than or equal to x. On the number line, lxl is the integer immediately to the
left of .rr (or equal to x if ;r is, itself, an integer). Thus 12.31 -- 2, 112.99999 ) : 12, un6

L- I 5l : -2. Consider the following two questions:

1.  Foranyrealnumberx, is lx -  l l  :  [x ]  -  1?

2. For any real numbers x and y, is lx - .vl : lxl - Lll?

Take a few minutes to try to answer these questions for yourself.

It turns out that the answer to (1) is yes, whereas the answer to (2) is no. Are these the
answers you got? lf not, don't worry. In Section 3.5 you will learn the techniques you need
to answer these questions and more. If you did get the coffect answers, congratulations!
You have excellent mathematical intuition. Now ask yourself, "How sure am I of my
answers? Were they plausible guesses or absolute certainties? Was there any difference
in certainty between my answers to (1) and (2)? Would I have been willing to bet a large
sum of money on the correctness of my answers?"

One of the best ways to think of a mathematical proof is as a carefully reasoned
argument to convince a skeptical listener (often yourself) that a given statement is true.
Imagine the listener challenging your reasoning every step of the way, constantly asking,
"Why is that so?" If you can counter every possible challenge, then your proof as a whole
will be correct.

As an example, imagine proving to someone not very familiar with mathematical
notation that if ;r is a number with 5r * 3 : 33, then x : 6. You could argue as follows:

If 5r * 3 : 33, then 5"r * 3 minus 3 will equal 33 - 3 since subtracting the same
number from two equal quantities gives equal results. But 5x * 3 minus 3 equals 5-r
because adding 3 to 5x and then subtracting 3 just leaves 5x. Also, 33 - 3 : 30.
Hence 5x : 30. This means that x is a number which when multiplied by 5 equals
30. But the only number with this property is 6. Therefore, x : 6.
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3.1 Direct Proof and Counterexample l: Introductjon I27

in the statement. Mathematicians define terms very carefully and precisely and consider
it important to learn definitions virtually word for word.

An integer z is even if, and only if, n equals twice some integer. An integer n is odd
if, and only if, n equals twice some integer plus l

Symbolically, if n is an integer, then

n is even <+ 3 an integer /< such thatn :2k.

z is odd e 3 an integer ft such thatn : Zk + l.

It follows from the definition that if you are doing a problem in which you happen
to know that a certain integer is even, you can deduce that it has the form 2 . (some
integer). Conversely, if you know in some situation that a particular integer equals
2 . (some integer), then you can deduce that the integer is even.

Know a particular deduce n has the form
integer n is even. -------> 2 . (some integer).

Know n has the form deduce
2 . lsome inreger).

Example 3.1.1 Even and Odd Integers

Use the definitions of even and odd to justify your answers to the following questions.

a. Is 0 even?

b. Is -301 odd?

c. If a and b are integers , is 6azb even?

d. If a andb are integers, is lOa * gb * 1 odd?

e. Is every integer either even or odd?

Solution

a. Yes,0:2.0.

b.  Yes, -301 :2(-151) + l .

c.  Yes,6a2b:2(3a2b),andsince aandbareintegers,  sois3azb(beingaproductof
integers).

d. Yes, lUa -f 8b * | : 2(5a + 4b) 1 l, and since a and b are integers, so is 5a I 4b
(being a sum ofproducts ofintegers).

e. The answer is yes, although the proof is not obvious. (Try giving a reason yourself.)
We will show in Section 3.4 that this fact results from another fact known as the
quotient-remainder theorem.

The integer 6, which equals 2 . 3, is a product of two smaller positive integers. on
the other hand, 7 cannot be written as a product of two smaller posiiive integers; its only
positive factors are I and 7. Apositive integer, such as T,thatcannotbe written as a
product of two smaller positive integers is called prime.

I
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Example 3.1.4

3.1 Direct Proof and Counterexample l: lntroduction I29

Anonconstructive proofofexistence involves showing either (a) that the existence

of a value of ,x that makes Q(x) true is guaranteed by an axiom or a previously proved

theorem or (b) that the assumption that there is no such x leads to a contradiction. The

disadvantage of a nonconstructive proof is that it may give virtually no clue about where

or how r may be found. The widespread use of digital computers in recent years has led to

some dissatisfaction with this aspect of nonconstructive proofs and to increased efforts to

produce constructive proofs containing directions for computer calculation of the quantity

in question.

Disproving lJniversal Statements by Counterexample
To disprove a statement means to show that it is false. Consider the question of disproving

a statement of the form

Yx in D, i f  P(x)then Q@).

Showing that this statement is false is equivalent to showing that its negation is true. The

negation of the statement is existential:

lx in D such that P (.r) and not QQ) .

But to show that an existential statement is true, we generally give an example, and because

the example is used to show that the original statement is false, we call it a counterexample.

Thus the method of disproof by counterexample can be written as follows:

Disproof by Counterexample

To disprove a statement of the form'oVx e D, if P (x) then Q @)," find a value of r in

D for which P (x) is true and Q (x) is false. Such an x is called a counterexample.

Disproof by Counterexample

Disprove the following statement by finding a counterexample:

Vreal numbersaandb,if az : b2 thena: b.

Solution To disprove this statement, you need to find real numbers a andb suchthataz : b2

and a I b. The fact that both positive and negative integers have positive squares helps

in the search. If you flip through some possibilities in your mind, you will quickly see

that 1 and -1 will work (or 2 and -2, or 0.5 and -0.5, and so forth).

Statement: V real numbers a and b, if az : bz , then a : b.

Counterexample: Let a: l arrdb: -1. Thenaz : 17 : I andbz : (-l)z : l,

and so a2 : b2. But a f b since | + -L

I

It is a sign of intelligence to make generalizations. Frequently, after observing a
property to hold in a large number of cases, you may guess that it holds in all cases. You

may, however, run into difficulty when you try to prove your guess. Perhaps you just

have not figured out the key to the proof. But perhaps your guess is false. Consequently,

when you are having serious difficulty proving a general statement, you should intemrpt
your efforts to look for a counterexample. Analyzing the kinds of problems you are

encountering in your proof efforts may help in the search. It may even happen that if

rqe
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T



',(uedord

eql segsll€s r leql ,troqs pue 'ulutuop oql Jo lueural e uasoqr [1uw]tqtn lnq "topctynd
u sr r esoddns ',(gedord uleuec E 53USIIES ululuop u Jo lua1llels ,{rea.e 1uql ,^AoI{s oJ

JBInrgJBd J.IJeuoc eql luoJJ Sulzqurauag Jo poqlatr{

:poqletu

eql 8ul(lrepun eepr aql sI ereH 'nlnnLtod n.taua? ary wo.( ?ur:4otauat lo poq|aw erqt

pelluc sr t1 'pegrluunb sI lueuelels eql qclq,^A re^.o uleuop eql Jo ezIS eql;o sselpruSer

s{Jo,lA lgql euo sr Juetuelels l€sJelrun u 3ur,'rord JoJ enbruqsel 1n;re,L1od lsoru oqJ
'1ectlcerdrut,,(lsnot,tqo

sr uorlsneqxe Jo poqleu eql fq ssoulceuoc Surlceqc '(sre,r,rsue oql Jo 
^ourncou 

eql {ceqJ
ol e{€l plno^\ 1r eurl eql uorlueu o1 lou) eSue: slr ur sreqrunu llp Jo strnpoJd elqrssod

IIB elndruoJ ol lsnf sree,( ;o spuesnoql erlnber p1no,r,r relndruoc 1ecrd.ft E aculs 'e8uer

s.JelnduoJ eql uI sJequnu;o rrud ,{re,re ro3 llnseJ lcoxoc eql s3^I3 ralndtuoo JelncIUBd

? Jo 
^IrncJrc 

uorlesrldrllnu eqt leql uorlsneqxe ,(q >1ceqc ot 8ur,{rl 'eldruexa ro; 'aur3uru1
'uorlsneqxe Jo poqleu eql osn ol eIqISEaJUI eq ,{eru lI 'elluq sI urcluop eql ueq,,!\ ue^g

.1su1 elqrssodrur ue sI slql 'srequnu qcns ,{ueu ,(1elrugur ere ereql esnureq pug 'reflelul

ue1e fro^e {ceqr 01 eABq plno,^d nof luql op oJ 'oN isJeqlunu eluud o,4d.1 Jo tuns E se

ueUrJ,lA equu) Zueql JelBeJS JeSalut ue,ne fuaAa lvql uollsneqxa ,{q e,tord no,{ uec 'ecuulsut

JOd 'pasn eq louuet uollsneqxe Jo poqleru eql 'Je^e,/\d,oq 'sJllelueqlelu uI ses€J lsolu uI

I 6I+Il:0€ ll+II:82

6I+ L:92 6l+9:VZ Ll+S:ZZ tI+ L:07

II+t:8I II+S:9I t+tI:?I L+9:ZI

9*S:0I S+€:8 t+E:9 7lZ:t uollnlos

'srequnu eLuud o,4Al Jo
runs € s€ uelur,4A equec,l ueql'0€ = u = rpue ue^e sr u !'z > uA

:lueuelels 3ur,uo11o; eql a^ord ol uollsneqxe Jo poqleu oql esn

uollsnBqxgJo poqlal l aqJ s'I't aldtuBxg

'(r);r uoqpuoc

oql ,{Jsrles 13t11 slueuele Jo raqlunu elluu e ,{1uo ere ereql ueq,^A pesn eq osle uer poqleu

srqJ 'uorlsnBgYe Jo poqleu eql ,{q pe^ord eq u€r luoluelels B qrns 'eltug sI cr u3q,^A leql
puB ruJoJ slql uI uelllJ,^d eq u€c luelueluls IBSJe^Iun,(ue lBql pa,\\oqs oAA I'z uollJes uI

'(x)A ueqt(r)al'CI ) xA,

:uuoJ pJepuuls e uI ueql eur8etut o1 1n;d1eq sI lI 'sJuelueJuls qcns e,tord o1 ,lroq

Surssncsrp uI 'IesJe1run eJe pe1oJd oq 01 slueruelels Iucllerueqtulu Jo ,{lrroleru lSuA eqJ

sluewepls psnAlun Ewaot4

'pnbe eJe sJequrnu eql ueql '1enbe eru slequnu atqtsod ol.tl1 1o serenbs

er{l JI lEql erul sI 1I 'Je^a^\oH 'lBnbe ere sJeqlunu eql ueql '1enbe ere sJequnu o,t\} Jo
seJBnbs eql Jr leql eru1 s,(um1e lou sI ll lBql s^\oqs 7'1'g eldruuxa 'ecuelsul roC 'luetueluls

eql Jo uorsre^ eru] lnq pelFrll eJolu e el€lnluroJ uuJ no{ leql peguelJ ,{lluercg;ns eq .{utu

Surpuelsrepun rno,( 'osluJ lueruelels eq] e,tord ero;ereqt pue elduexerelunor e pug no,{

]oord ]o spoqlon pue iloaql raqLUnN ,{re1uauel3 t ra}dPqc 0sI



derstanding
rsion of the
the squares
: that if the

r discussing
n:

is form and
rstion. This
t satisfy the

I

re used. For
n be written
every even

sible task.
exhaustion.
ircuitry of a
computer's

compute all
ruld take to
xhaustion is

that works
It is called

derlying the

Example 3.L.6

3.1 Direct Proof and Counterexample l :  Introduction 131

Generalizing from the Generic Particular

At some time you may have been shown a "mathematical trick" like the following. You

ask a person to pick any number, add 5, multiply by 4, subtract 6, divide by 2, atd subtract
twice the original number. Then you astound the person by announcing that their final
result was 7. How does this "trick" work? Let x stand for the number the person picks.
Here is what happens when the person follows your directions:

Step Result

Pick a number. x

Add 5. xl-5

Multiply by 4. (x+5).4:4xI20

Subtract 6. (4x * 20) - 6:4x -l 14

Divide by 2.
4x+14

2

Subtract twice the original number. (2x I7)  -  2x :7

Thus no matter what number the person starts with, the result will always be 7. Note that
the r in the analysis above is particular (because it represents a single quantity), but it
is also arbitrarily chosen or generic (because it can represent any number whatsoever).
This illustrates the process of drawing a general conclusion from a particular but generic
object.

The point of having r be arbitrarily chosen (or generic) is to make a proof that can be
generalized to all elements of the domain. By choosing x arbitrarily, you are making no
special assumptions about x that are not also true of all other elements of the domain. The
word generic means "sharing all the common characteristics of a group or class." Thus
everything you deduce about a generic element x of the domain is equally true of any
otjrer element of the domain.

When the method of generalizing from the generic particular is applied to a property
of the form "If P (x) then Q@) ," the result is the method of direct proof . Recall that the
only way "If P(x) then Q@)" can be false is for P(r) to be true and Q@) to be false.
Thus to show that "If P(x) then Q@)" is true, suppose P(x) is true and show that Q(x)
must also be true. It follows by the method of generalizing from the generic particular
that to prove a statement of the form "Yx e D, if P(x) then Q@)," you suppose x is a
particular but arbitrarily chosen element of D that satisfies P(x), and then you show that

-r satisfies 0(x).

Method of Direct Proof

1. Express the statement to be proved in the form "Yx e D, if P(r) then 0(x)."
(This step is often done mentally.)

2. Start the proofby supposing x is a particular but arbitrarily chosen element of D
for which the hypothesis P(x) is true. (This step is often abbreviated "Suppose
x€DandP(x); ' )

3. Show that the conclusion Q@) is true by using definitions, previously established
results, and the rules for logical inference.

I

ose _{ ls a
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This analysis narrows the

showing that
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* n is even. By definition of even, this means that m I n can

2 ' (some integer).

gap between the starting point and what is to be shown to

2r * 2s : 2' (some integer).

why is this true? First, because of the distributive law from algebra' which says that

2r l2s:  2(r  + s) .

and, second, because the sum of any two integers is an integer, which implies that r * s

is an integer.
This discussion is summarized by rewriting the statement as a theorem and giving a

formal proof of it. (In mathematics, the word theorem refers to a statement that is known

to be true because it has been proved.) The formal proof, as well as many others in this

text, includes explanatory notes to make its logical flow apparent. Such comments are

purely a.onu.ni"n." foithe reader and could be omitted entirely. For this reason they

are italicized and enclosed in square brackets: [ ]'

Donald Knuth, one of the pioneers of the science of computing, has compared con-

structing a computer program from a set of specifications to writing a mathematical proof

based on a set of axioms.* In keeping with this analogy, the bracketed comments can

be thought of as similar to the explanatory documentation provided by a good program-

mer. Documentation is not necessary for a program to run, but it helps a human reader

understand what is going on.

Most theorems. like the one above, can be analyzed to a point where you realize that

as soon as a certain thing is shown, the theorem will be proved. When that thing has been

*Donald E. Knuth, The Art of computer Programming,2nd ed., vol' I (Reading' MA: Addison-

Weslel.  1973), P. ix.
r see page l l 3 for a discussion of the role of universal modus ponens in this proof.

to I\\'11

Iers are

.dea to asr
re pairs .':
J SUmS ar3
'OU Canlta:

'particulr
r be true ir

en lnteseri
) represen:
of algebr.:-

is. What i.

:\ 'en.

t in generai.
rth of thern

;ing?" The
: proof.

:ers that are

the proof?"

point to the
nition of thrs
bllows from

re arbitrarill
.nt :2r  and

rvant to shou'
ltations for ttl
in place of nr

I

Theorem 3.1.1

The sum of any two even integers is even

Proof:

Suppose zr andn areltarticular but arbitrarily chosen)even integers . lwe must show

thil m + n is even.f By definition of even, m : 2r and n :2s for some integers r

and s' Then 

m * n :2r * 2s by substitution

:2(r I s) by factoring out a 2.

Let k : r * s. Note that k is an integer because it is a sum of integers' Hence

m I n :2k where k is an integer.

It follows by definition of even that m * n is even. lThis is what we needed to show'll

-
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6. Include the 66little words" that make the logic of your arguments clear.

When writing a mathematical argument, especially a proof, indicate how each

sentence is related to the previous one. Does it follow from the previous sentence or

from a combination of the previous sentence and earlier ones? If so, start the sentence

by stating the reason why it follows or by writing Then, or Thus, ot So, or Hence, or
Therefore, or Itfollows that, and include the reason at the end of the sentence. For
instance, in the proofofTheorem 3.1.1, once you know that ru is even, you can write:
"By definition of even, m : 2k for some integer k," or you can write, "Then m : 2k

for some integer ft by definition of even."
If a sentence expresses a new thought or fact that does not follow as an immedi-

ate consequence of the preceding statement but is needed for a later part of a proof,

introduce it by writing Observe that, or Note that, or BuL ot Now.
Sometimes in a proof it is desirable to define a new variable in terms of previous

variables. In such a case, introduce the new variable with the word Let. For instance,
in the proof of Theorem 3.1.1, once it is known thatm * n :2(r * s), where r and s
are integers, a new variable ft is introduced to represent r * s. The proof goes on to
say, "Let k : r * s. Then ft is an integer because it is a sum of two integers."

Vari ati ons among Proofs
It is rare that two proofs of a given statement, written by two different people, are identical.
Even when the basic mathematical steps are the same, the two people may use different
notation or may give differing amounts of explanation for their steps, or may choose
different words to link the steps together into paragraph form. An important question
is how detailed to make the explanations for the steps of a proof. This must ultimately
be worked out between the writer of a proof and the intended reader, whether they be
student and teacher, teacher and student, student and fellow student, or mathematician and
colleague. Your teacher may provide explicit guidelines for you to use in your course. Or
you may follow the example of the proofs in this book (which are generally explained rather
fully in order to be understood by students at various stages of mathematical development).
Remember that the phrases written inside brackets [ ] are intended to elucidate the logical
flow or underlying assumptions of the proof and need not be written down at all. It is
entirely your decision whether to include such phrases in your own proofs.

Common Mistakes
The following are some of the most common mistakes people make when writing math-
ematical proofs.

1. Arguing from examples.
Looking at examples is one of the most helpful practices a problem solver can

engage in and is encouraged by all good mathematics teachers. However, it is a
mistake to think that a general statement can be proved by showing it to be true for
some special cases. A universal statement may be true in many instances without being
true in general.

Here is an example of this mistake. It is an incorrect "proof" of the fact that the
sum ofany two even integers is even. (Theorem 3.1.1).

This is true because if m : 14 and n : 6, which are both even,
then m I n :20, which is also even.

Some people find this kind of argument convincing because it does, after all, consist
of evidence in support of a true conclusion. But remember that when we discussed
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Suppose p is a prime number. If p is prime, then p cannot be

written as a product of two smaller positive integers.

The use of the word fin the second sentence is inappropriate. It suggests that the

primeness of p is in doubt. But p is known to be prime by the first sentence. It cannot

be written as a product of two smaller positive integers because it is prime. Here is a

correct version of the fragment:

Suppose p is a prime number. Because p is prime, p cannot be

written as a product of two smaller positive integers.

domain hypothesis conclusion

Formal Restatement: V graphs G, it G is complete and bipartite, then G is connected.

The first sentence, or starting point, of a proof supposes the existence of an object (in

this case G) in the domain (in this case the set of all graphs) that satisfies the hypothesis

of the if-then part of the statement (in this case that G is complete and bipatite). The

conclusion to be shown is just the conclusion of the if-then part of the statement (in this

case that G is connected).

Starting Point: Stppose G is a fparticular but arbitrarily chosenl graph such that G
is complete and bipartite.

Conclusion to Be Shown' G is connected.

Thus the proof has the following first and last sentences:

First sentence of proof: Suppose G is a fttarticular but arbitrarily chosenl graph such

that G is complete and bipartite.

lASt sentence ofproof: Therefore G is connected.

Of course, to reach the last sentence of the proof, the definitions of the terms will have to
be used.

Showing That an Existential Statement Is False
Recall that the negation of an existential statement is universal. It follows that to prove an
existential statement is false, you must prove a universal statement (its negation) is true.

T

Getting Proofs Started
Believe it or not, once you understand the idea ofgeneralizing from the generic particular

and the method of direct proof, you can write the beginnings of proofs even for theorems
you do not understand. The reason is that the starting point and what is to be shown in a

proof depend only on the linguistic form of the statement to be proved, not on the content

of the statement.

Bxample 3.1.8 Identifying the "starting Point" and the "Conclusion to Be Shown"

Write the first sentence of a proof of the following statement (the "starting point") and the

last sentence of a proof (the "conclusion to be shown"):

Every complete, bipartite graph is connected. You are not expected to
understand this statement.

Solution It is helpful to rewrite the statement formally using a quantifier and a variable:
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3.1 Direct Proof and Counterexample l: lntroduction L39

oneoftheoldestproblemsinmathematicsthatremainunsolvedistheGoldbach
conjecture. In Example 3'1'5 it was shown that every even integer from 4 to 30 can be

representedasasumoftwop.i-"numbers..Morethan250yearsago,ChristianGoldbach
(16gC-|1764)conjectured that every even integer greater than 2 can be so represented'

Explicitcomputer-aidedcalculationshaveshowntheconjecturetobetrueuptoatleast
1016. But rhere is a trugec'liai;l;;"" 1016 and infinity. As pointed out by James Gleick

oftheNewYorkTimes,manyotherplausibleconjecturesinnumbertheoryhaveproved
false. Leonhard Euler rtii'-tlg3l,io. e*ample, proposed in the eighteenth century that

';;; 
r^-;-;;: io nui no nonrrivial whole number iolutions. In other words, no three

perfect fourth powen uJJup to another perfect fourth power' For small numbers' Euler's

conjecturelookedgood'But in lg87aHarvardmathematic ian'NoamElkies'provedi t
wrons. one countere;;;, ro""9Uv 11's-"grye 

of Thinkinc yltlil"t Corporation in

a long comput., ,"ur.nll,'si"80ot +"217 '\91 + 414'5604 : 422'4814 '*

InMay2000,.tocelebratemathematicsinthenewmillennium,' 'theCtayMathematics
InstituteofCambridge,Massachusetts,announcedthatitwouldawardprizesof$lmill ion
each for the solutions to seven longstanding, classical mathematical questions' one of

them, "P vs. NP," urk, *h"th"t pto;l"-' belonging to a certain class can be solved on a

computer using more efficient methods than ttt" i"ry inefficient methods that are presently

knowntoworkro,ti '"-.ThisquestionisdiscussedbrieflyattheendofChapter9,
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Exercise Sef 3.Ir
h 1-3. use the definitions of even, odd' prime' and composite

:: iustify each of Your answers'

1. Assume that ft is a particular integer'

a. Is -17 an odd rnteger? b' Is 0 an even integer?

c. Is 2ft - 1 odd?

2. Assume that m and n are particular integers'

a. ls 6m * 8n even? b' Is 10nn * 7 odd?

c. lf m > n > 0, is m2 - n2 comPosite?

i. Assume that r and s are parlicular integers'

a. Is 4r.s even? b' Is 6r + 4s2 + 3 odd? 
-

c. If r and s are both positive, is 12 + 2r s + s2 composite?

Frove the statements in 4-10'

J. There are integers m andn such that m > | andn > 1 and

1 1.
- + - rs an lnteger.
mnl

5. There are distinct integers m and n such that -

integer.

6. There are real numbers a andb such that

, lGTn:u6+rt .

7. There is an integer n > 5 such that2" - 1 is prime'

8. There is a real number x such that:r > I and 2: > rto

9. There is a perfect square that can be written as a sum ot two

other Perfect squares.

10. There is an rnteger n such that 2n2 - 5n * 2 is prime'

Disprove the statements rn l1-13 by giving a counterexample'

1.1. For all real numbers a and b, if a < b then a2 < b2 '

n- l
I  2. For al l  integers n. i f  n is odd then - rs ood'

13. For all integers m andn,if2m -t n is odd then n and n are

both odd.

In 14-16, determine whether the property is true forall integers'

ffue for no integers' or true for some integers and false for other

integers. JustifY Your answers'

14.@+b12:a2+b2 15. 3n2 - 4n' l  I  is Prime.

I 6. The average of any two odd integers is odd'

Prove the statements in l7 and 18 by the method of exhaustion'

17. Every positive even lnteger less than 26 canbe expressed

as a sum of three or fewer perfect squares' (For instance'

t0:  12-F32and 16-42.1

17 April 1988.

fl indicates that only a hint or partial solution is

lJ,
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-JamesGleick,..Fermat,sLastTheoremsti l lHasZeroSolut ions, ' ,NewYorkTimes,

For exercises with blue numbers, solutions are given in Appendix B' The'symbol

si""".'iit;tvrntot * ,ig"uit ittat an exercise is more challenging than usual'
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I t - The difference of any two even integers is even.

The difference of any two odd integers is even.

For all integers n and m, if n - m is even then n3
3\ 'en.

Foral l integers n, i f  n is pr imethen (- l ) '  :  -1.

44 For all integers m, if m > 2 then m2 - 4 is composite.

For all integers n, n2 - n * 11 is a prime number.

For all integers n,4(n2 I n I l) - 3n2 is a perfect square.

Ei ery positive integer can be expressed as a sum of three or
:erver perfect squares.

Two integers are consecutive if, and only if, one is one more
:han the other.) Any product of four consecutive integers is
xe less than a perfect square.

fhe difference of the squares of any two consecutive inte-
Eers is odd.

For all nonnegative real numbers a and b, 1m : .vGJb.
\ote that if x is a nonnegative real number, then there is a

unique nonnegative real number t-, denoted .16, such that
' ' :  :  x . )

For all nonnegative real numbers a and b,

3.2 D'e:t Proof and Counterexample l l :  Rational Numbers l4l

5'7. lf m andn areperfect squares, thenm I n I 216in is also
a perfect square. Why?

r : tt + 58. If p is a prime number, must 21' - I also be prime? Prove
-m' ls

or give a counterexample.

* 59. If rr is a nonnegative integer, must 22' * I be prime? Prove
or give a counterexample.

60. When expressions of the form (r - r)(x - s) are multi-
plied out, a quadratic polynomial is obtained. For instance,
(,r -  2) (r -  (-7)) :  (x - 2)(x + 1 ) :  . t2 * 5r - 14.

f/ a. What can be said about the coefficients of the polyno-
mial obtained by multiplying out (-r - r)(,r - s) when
both r and s are odd integers? when both r and.r are
even integers? when one of r and s is even and the other
is odd?

b. I t  fol lows from pafi  (a) rhat xr - 1253x *255 cannot
be written as a product of two polynomials with integer

: .r3 - (r * s + r)-t2 * (r.r  + rt  + st)x - rst.

a. Derive a result for cubic polynomials similar to the result
in part (a) of exercise 60 for quadratic polynomials.

b. Can 1513 t7x2 _ 8r -27 be writ ten as a product of
three polynomials with integer coeflicients? Explarn.

:9 B;,
m i> tru; -

3r rnd r:.,

an\  a1::
re I  i . ' -
' reAi : -
Llt \ lL*

:r and ir-y

- l l - i - .

0.  I l i -  -
rr SOme l:r-
rd l<r.
Ith r an.i .'

- ] . - t_;
$ as to b';

odd intesr:

m odd inti-
there e\l:l:
, i l  ls  e\el ]

I since rt t.
- 1. Thus

ren. t | l  t l  i :

quals .14' r-r,i

ers. B),dex-
Ln:2Af-r" :

l t .  -  ! :

alse. Justitl.
ppropnate-

:r rs even.

e summand.
called sum-

Jtr

51.

Ii rrr and ,? are positive integers and mn is a perfect square, coefficients. Explain why this is so.

then n and,r are perfect squares. * 61. Observe that (r _ r)(x _ s)(x _ r)

Jt+b:Jo+^,6.

3.2 Oirect Proof and Counterexampte tl:
Rational Numbers
Such, then, is the whole art of convincing. It is contained in two principles: to define all
notations used, and to prove everything by replacing mentally the defined terms b,v their
definitions. - Blaise Pascal, 1623-1662

Sums, differences, and products of integers are integers. But most quotients of integers
are not integers. Quotients of integers are, howeveq important; they are known as rational
numbers.

A real number r is rational if, and only if, it can be expressed as a quotient of two
integers with a nonzero denominator. A real number that is not rational is irrational.
More formally, if r is a real number, then

r isrational <+ 3 integersd andb such that, : ! and b + 0.
D

The word rational contains theword ratio,
number is a fraction or ratio ofintesers.

which is another word for quotient. A rational
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Notethatyoucanuseanargumentsimi lar tothisonetoshowthatanyrepeat ing
decimal isarat ionalnumber. InSect ion] .3weshowthatanyrat ionalnumbercanbe
written as a repeating or terminating decimal'

i. Yes, s\nce m and n areintegers. so ate m I n aldnn (because sums and products of

integers are integers). Also mn * 0 by the zero product property. (one version of

this property .uy", tt ut if neither of two real numbers is 0, then their product is also not

0. See exercise g at the end of this section.) It follows that (m * n) lmn is a quotient

of twointegerswithanonzerodenominatorandhenceisarat ionalnumber ' l

More on Generalizing from the Generic Particular

Somepeoplel iketothinkofthemethodofgeneral iz inefrol thegener icpart icularas
a challenge process. If you claim a propefit holds for all elements in a domain' then

Someonecanchall,engeyourclaimuypictinganyelementinthedomainwhatsoeverand
askingyoutoprovethatthatelementsat isf iestheproperty.Toproveyourclaim,you
must be able to meet all such challenges. That is, you must have a way to convince the

challengerthatthepropertyistrueforanarbitrari lychosenelementinthedomain.
For example, ,uppor" 

i.x' claims that every integer is a rational number. "B" chal-

lenges this 
"tui* 

Uy'u,ting "A' to prove it for n - 1' "N'observes that

,  :  
1 

which is a quot ient  of  integers and hencc rat ional '

"B" accepts this explanation but challenges again with n : -12' "N'responds that

-12
-12 : 

--:: 
rvhich is a cluotient of integers ancl hence raticrial'

Next "B" tries to trip up "A'by challenging with n : 0' but "A' answers that

0
O : 

i 
rvl.rich is a quotient of integers rncl hcncc ratlonrl

As you can see, "A', is able to respond effectively to all "B"s challenges because "A'has a

general procedure for puiting integers into the form of rational numbers: "A' just divides

whatever integer ,'B" gives by 1. That is, no matter what integer n "B" gives "A" "4',

writes
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which is a quotient of integers and hence rational

This discussion proves the following theorem

In exercise 11 at the end of this section you are asked to condense the above discussion

into a formal Proof.

n
n:1

Theorem 3.2.1

Every integer is a rational number'
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Theorem 3.2.2

The sum of any rwo rational numbers is rational.
'l he sum of any fwo rational numbers is rationaL.

Proof:

Suppose r and s are rational numbers. lWe must show that r * s is rational.l Then,
by definition of rational, r : a I b and s : c I d for some integer s a, b, c,and d with
bl0anddl0.Thus

.ac
, '+s :  ;  f  .  hr  suhr l i r r r t i t rn

bd

ad+bc
: -- 

bd 
by basic algebra.

Let p : ad I bc and q - bd. Then p and q are integers because products and sums
of integers are integers and because a, b , c, and d are allintegers. itro 4 t' 0 by the
zero product property. Thus

r f s : 4 *h".e p and, qare integers and,q I 0.q

Therefore, r * s is rational by definition of a rational number. fThis is what was to
be shown.l

I

Deriving New Mathematics from Otd
section 3 ' 1 focused on establishing truth and falsity of mathematical theorems using only
the basic algebra normally taught in secondary school; the fact that the integers are closed
under addition, subtraction, and multiplication; and the definitions of the terms in the
theorems themselves. In the future, when we ask you to prove something directly from
the definitions, we will mean that you should restrict youiself to this apprJach. However,
once a collection of statements has been proved directly from the j"Rnitionr, another
method of proof becomes possible. The statements in the collection can be used to derive
additional results.

Example 3.2.3 Deriving Additional Results about Even and odd Integers

Suppose that you have already proved the following properties of even and odd inteqers:
r - The sum, product, and difference of any two even integers are even.
2. The sum and difference of any two odd integers are even.

3. The product ofany two odd integers is odd.

4. The product of any even integer and any odd integer is even.

5. The sum ofany odd integer and any even integer is odd.

6. The difference ofany odd integer minus any even integer is odd.
7' The difference of any even integer minus any odd integer is odd.
use the properties listed above to prove that if a is any odd integer and D is any given
integer. thena2 

I b2 + | 
is an lnteger.

z
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16. Given any rational number r, _r is also a rational number.
+ 17. If r and s are any two rational numbers with r < s, then

, f J

2 
i, rational.

# 18. Foral lrealnumbers aandb,i f  a < bthena < 
o !^b . U.

z
(You may use the properties of inequalities in T16_T25 of
Appendix A.)

i9. Given any two rational numbers r and s with r < s, there
is another rational number between r and s. (Hint: Use the
results ofexercises 17 and lg.)

L'se the properties of even and odd integers that are listed in
Erample 3.2.3 to do exercises 20_22. Indtcate which properties'. tru uSe to justify your reasoning.

10. True or false? If m is any even integer and n is any odd
integeq then m2 * 3n is odd. Explain.

11. True or false? If a is any odd integer, then az* a is even.
Explain.

ll. True or false? If k is any even integer and n rs any odd
integer, then (ft * 2)2 - (m _ l)2 is even. Explain.

)erive the statements in23-25 as corollaries of Theorems 3.2.1,
-: 1.2, and the results of exercises 12, 13, 15,and 16.

'-1. For any rational numbers r and s, 2r + 3s is rational.

lJ. If r is any rational number, then 3rz _ 2r * 4 is rattonal.

l-i. For any rational number s, 5s3 + gs2 _ 7 is rational.

16. It is a fact that ifn is any nonnegative integer, then

l l
+-+--L. . . r'22 

23'  '
|  _ l - ( l /2,+1)

2n 1- 0/2)
(A more general form of this statement is proved in Section
4.2). Is a number of this form rational? Ii so, express it as
a ratio of two integers.

i- .  Supposea, b,c,anddareintegers anda fc. Supposealso
that x is a real number that satisfies the equation

ax*b

c*+d: ' '

Must "r be rational? If so, express -r as a ratio of two integers.
t i3. Suppose a, b, and c are integers and x, y,and z are nonzero

real numbers that satisfy the following equations:

xY r?
:-l-- : u ana
^Ty x+2.

Is x rational? If so, express it as a ratio of two integers.

19. Prove that if one solution for a quadratic equation of the
form x2 * bx qc :0 is rational (where & and . *e,u_
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tional), then the other solution is also rational. (Use the
fact that if the solutions of the equation are r and s, then
x2 + bx + c :  (x - r)(.r  -  s).)

30. Prove that if a real number c satisfies a polynomial equation
ofthe form

rtx3*rzx2+rrx+ro-0,

where rs, rt, 12, and h are rational numbers, then c satisfies
an equation of the form

nzx3 Inzx2*nplr?o:0,

1
t+-

2

* 3 1. Prove that for all real numbers c, if c is a root of apolynomial
with rational coefficients, then c is a root of a polynomial
with integer coefficients.

In 32-36 find the mistakes in the .,proofs,, 
that the sum of anv

two rational numbers is a rational number.

32. "Proof: Let rational numbers r : ) ands : j be given.
Then r *s : ol + J : l, whichis Jrational number. This
is what was to be shown."

33. "Proof: Any two rational numbers produce a rational num_
ber when added together. So if r and ., are particular but
arbitrarily chosen rational numbers, then r + s is rational.,,

34. "Proof: Suppose r and s are rational numbers. By defi-
nition of rational, r : af S for some integers a and D with
b I O, and s : a/b for some integers a ind b with b t' 0.
Then r * s :  a/b I  a/b :2a/b. Let p :2a. Then p
is an integer since it is a product of integers. Hence
r * s : p/b, where p and b are integers and b f0. Thus
r + ^r is a rational number by definition of rational. This is
what was to be shown."

35. "Proof: Suppose r and s are rational numbers. Then
| 

: o/b and s : c/d for some integers a, b, c, and d with
b f 0 and d f 0 (by definition of rational). Then r + s _
a/b + c/d. But this is a sum of two fractions, which is
a fraction. So r + s is a rational number since a rattonal
number is a fraction-"

36. "Proof: Suppose r and s are rational numbers. If r * s is
rational, then by definition of rational r * s : a76 1o. ro_"
mtegers a and b with b f 0. Also since r and s are rauo_
nal, r : i / j and s : m / n for some integers i, j, m, and n
with j * 0 andn t'0. Itfollowsrhatr + s : i ii + m/ n _
a/b,which is a quotient of two integers with anonzero de_
nominator. Hence it is a rational number. This is what was
to be shown."

where rs, n1, n2, zndn3 are integers.
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Solution Yes. To say that a I b means that b : ka for some integer ft. Now k must be a
positive integer because both a and b are positive. It follows that

l<k

because every positive integer is greater than or equal to 1. Multiplying both sides by a
gives

a<k.a:b

(since multiplying both sides of an inequality by a positive number preserves the
inequality-properry T19 of Appendix A). I

Example 3.3.4 Divisors of 1

Which integers divide l?

Solution By Example 3.3.3 any positive integer that divides I is less than or equal to l.
Since I : I ' l, I divides I, and there are no positive integers that are less than l. So the
only positive divisor of 1 is l.

on the other hand, if d is a negative integer that divides l, then | : dk, and so
1 : ldl. lkl. Hence ldl is a positive inreger rhat divides 1. Thus ltt l  : l ,and so d : _1.
It follows that the only divisors of I are I and _ l. I

Example 3.3.5 Divisibility of Algebraic Expressions

a. If a andD are integers, is 3a I 3b divisible by 3?

b. If k and m are inregers, is l)km divisible by 5?

Solution

a. Yes. By the distributive law of algebra, 3a * 3b :3(a I b) and
because it is a sum of two integers.

b. Yes. By the associative law of algebra, 10km:5.(2km) and
because it is a product of three integers.

When the definition of divides is rewritten formally using the existential quantifier,
the result is

dln {) Saninteger k suchthatn : dk.

Since the negation of an existential statement is universal, it follows that d does not divide
n (denoted d I n)if, andonly i i vintegers k,n * dk,or,inotherwords, thequotientn/d
is not an inteser.

Foral l integers nandd, d Xn <+
n
;
a

is not an integer,

Example 3.3.6 Checking Nondivisibility

Does 4 |  15?

Solution No, f; : 3.75, which is nor an inreger.

a * b is an integer

2km is an integer
t

T
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This discussion is summarized as follows:

Proof:

Suppose n is alparticular but arbitrarily chosenlinteger that is greater than l' lWe

must show that there is a prime numbir that divides n'f If n is prime' then n is

divisiblebyaprimeno-Uo(namelyitself) 'andwearedone'Ifnisnotprime'then'
as discussed in ExamPle 3'l'2b,

n : ros1 where rg and sg are integers and

1<ro<na.ndl<so<tx '

It follows by definition of divisibility that rs I n'
contmued on Page 152

Itwouldappearfromthedefinit ionofprimethattoshowthatanintegerisprimeyou
wouldneedtoshowthat i t isnotdiv is ib lebyanyintegergreaterthanlandlessthan
i tsel f . Infbct ,youneedonlycheckdiv is ib i l i tybypr imenumbers'Thisfol lowsfrom
Theorem 3.3.1, Exampt" ii.z, and the following theorem' which^says that any integer

greater than I is divisibre Lv u pr-" number. rire iaea of the proof is quite simple' You

startwi thaposi t iveinteger. I f i t ispr ime'youaredone; i fnot , i t isaproductof two
smaller positive factors. if on" of theie is prime' you are done; if not' you 

""i !111':::

of the factors and write it as a product or siitt smaller positive factors' You can contlnue

inthisway,factoringthefactorsofthenumberyoustartedwith,unti loneofthemturns
out to be prime. This ;;" h"d* eventually because all the factors can be chosen to be

positive and each is smaller than the preceding one'

I

ffr"or"- 3.3.1 Tfansitivity of Divisibility

For all integers a, b, andc, if a divides b and b divides c' then a divides c

Proof:

Suppose a, b, and c ate I p arti c ula r but arb it r ar ily c ho s e nfinte gers such that a divides

b andbdivides c. lwe must show that a divides c.l By definition of divisibility'

b : ar and c : bs for some integers r and s'

By substitution

c:  bs

- (ar)s

: a(rs) bY basic algebra'

Letk :rs. Then k is an integer since it is a product ofintegers' and therefore

c : ak where k is an integer'

Thus a divides c by definition of divisibility' lThis is what was to be shown'I

Theorem 3.3.2 Divisibility by a Prime

Any integer n > 1 is divisible by a prime number'
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Must it follow that a : D, or can you find integers a and b that satisfy these equations for

which a I b? The equations impll' that

b-ka:k( lb) : (k l )b.

SincebIa,b*0,andsoyoucancancelbfromtheextremglef tandr ights idestoobtain

1-kl .

In other words, k and I are divisors of 1' But the only divisors of 1 are 1 and -1

(see Example 3.3.4). Thus k and 1 are both 1 or -1' If k : l: 1' then b : a' But

i f  k: t :  -1,  then tr :  -o and so a +b'This analysis suggests thatyou can f ind a

count"rexample by taking b : -a' Here is a formal answer:

The search for a proof will frequently help you discover a counterexample (provided

the statemenr you are trying to prove 1s, rn iu.t, false). conversely, in trying to find a

counterexampletbraStatement,youmaycometorea|izethereasonwhyitistrue(if it is'
infact,true)'Theimportantthingistokeepanopenminduntilyouareconvincedbythe
evidence of your own careful reasoning'

The unique Factorization Theorem

Themostcomprehensivestatementaboutdivisibilityofintegersiscontainedinatheorem
known as the unique factorization theorem for the integers' Because of its importance'

this theorem is also called thefundamentql theorem of arithmetic. Although Euclid, who

l ivedabout300B.C,,seemstohavebeenacquaintedwiththetheorem,i twasf i rststated
preciselybythegreatGermanmathematicianCarlFriedrichGauss(rhymeswithhouse)
in 1801.

Theuniquefactorizationtheoremsaysthatanyintegergreaterthanleitherisprime
or can be written as a product of prime numbers in a way that is unique excapt' perhaps'

for the order in whichihe primes are written' For example'

'12 :2 '2 '2 '3 '3 :2 '3 '3 '2 '2:3 '2 '2 '3 '2

and so forth. The three 2,s and two 3's may be written in any order, but any factorization of

T2asaproductofprimesmustcontainexactlythree2'sandtwo3's-noothercollection
of prime numbers tesides three 2's and two 3's multiplies ortt to 12'

Th*o"** 3.3.3 Unique Factorization Theorem for the Integers

(Fundamental Theorem of Arithmetic)

Given any integer n > l, there exist a positive integer k' distinct prime numbers

pr, pz, . .-. , Pt ,-andpositive integers €r, €2," ' ' 
ek such that

n :  p l 'p i 'p3'  . . .p i r .

and any other expression of n as a product of prime numbers is identical to this except'

perhaps, for the order in which the factors are written'

Statement:Foral l integersaandb, i fa lbandblathena:b'

Counterexample: Let a :2 andb : -2' Then

a I b since 2l (-Z) andbla since (-2) l2' but a f b since2 + -2'

Therefore, the proposed divisibility property is false'
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L-. The sum of any three consecutive integers is divisible by
3. (Two integers are consecutive ii and only if, one is one
more than the other.)

i. The product of any two even integers is a multiple of 4.

19. A necessary condition for an integer to be divisible by 6 is
that it be divisible by 2.

l. A sufficient condition for an integer to be divisible by 8 is
that it be divisible by 16.

ll. For all inte gers a, b, and c, if a I b and a I c then a | (2b - 3 c).

# a For al l  integers a,b, Ntd c, i f  ab lc then a lc arrd blc.

lr. For all integers a, b, and c,if a is a factor of c then ab is a
f'actor of c.

f f i  l . l .  For al l  integers a,b, andc,i f  al(b * c) then alb or alc.

J Foral l  integers a,b,andc, i f  a lbc thena I  b or alc.

l :  Foral l integers aandb,r f  aIbthena2 lb2.

l -  Foral l integers aandn, i fa lnz anda < nthenaln.

-5. For al l  integers a andb,i f  a l l \b then a I l0 or alb.

19. .{ fast-food chain has a contest in which a card with numbers
on it is given to each customer who makes a purchase. If
some of the numbers on the card add up to 100, then the
customer wins $100. A certain customer receives a card
containing the numbers

72,2r,15,36, 69, 81, 9,27,42, and 63.

Will the customer win $100? Why or why not?

1- Is it possible to have a combination of nickels, dimes, and
quarters that add up to $4.72? Explain.

-: -. Is it possible to have 50 coins, made up of pennies, dimes,
and quarters, that add up to $3? Explain.

-:1. Two athletes run a circular track at a steady pace so that the
first completes one round in 8 minutes and the second in l0
minutes. If they both start from the same spot at 4 Rrr,r., when
will be the first time they return to the start together?

::, It can be shown (see exercises 41-45) that an integer is di-
visible by 3 if, and only if, the sum ofits digits is divisible
by 3. An integer is divisible by 9 if, and only if, the sum
of its digits is divisible by 9. An integer is divisible by 5 if,
and only if, its right-most digit is a 5 or a 0. And an integer
is divisible by 4 il and only if, the number formed by its
right-most two digits is divisible by 4. Check the following
integers for divisibility by 3,4,5 and 9.
a. 637,425,403,'t05,125 b. 12,858,306,120,312
c. 51'7,924,440,926,512 d. 14,328,083,360,232

,:*. Use the unique factorization theorem to write the folowine
integers in standard factored form.
a. 1176 b.  5377 c.3675

3,3 Direct Proof and Counterexample l l l :  Divisibi l i ty 155

35. Suppose that in standard factored form a : pit pSt ... pir,
where ft is a positive intefier', p1, pz, . . . , p* are prime num-
bers; and €r, €2, .. . , ep ara positive integers.
a. What is the standard factored form for a2?
b. Find the least positive integer n such that 25.3.52.73.n is

a perfect square. Write the resulting product as a perfect
square.

c. Find the least positive integer m such that 22 .35 .7 .ll.m rs
a perfect square. Write the resulting product as a perfect
square.

36. Suppose that in standard factored forma: p"rt pi, ...pio,
where k is a positive integer; pt, pz, . . . , p1 are prime num-
bers; and €r, €2, . . . , €1, zta positive integers.
a. What is the standard factored form for a3?
b. Find the least positive integer ft such that 24.35 .7 .ll2 .k is

a perfect cube (i.e., equals an integer to the third power).
Write the resulting product as a perfect cube.

37. a. I f  aandbareintegers andl2a:25b,does12lb? does
25 | a? Explain.

b. Ifx and y are integers and 10-r : 9y, does 10 | y? does
9 lx? Explain.

38. How many zeros are at the end of458.885? Explain how
you can answer this question without actually computing
the number. (Hint: l0 :2. 5.)

39. Ifn is an integer andn > l, then n! is the product ofn and
every other positive integer that is less than n. For example,
5! :5.4.3.2.1.
a. Write 6! in standard factored form.
b. Write 20! in standard factored form.
c. Without computing the value of (201)2 determine how

many zeros are at the end of this number when it is wrif
ten in decimal form. Justify your answer.

*40. In a certain town 2/3 of the adult men are married to 3/5
of the adult women. Assume that all marriages are monog-
amous (no one is married to more than one other person).
Also assume that there are at least 100 adult men in the town.
What is the least possible number of adult men in the town?
of adult women in the town?

Definition: Given any nonnegative integer n, the decimal
representation ofn is an expression ofthe form

d*d*r. .  .dzdtd.o,

where ft is a nonnegative integer; ds, d1, d2, ..., dp @alled,
the decimal digits ofn ) are integers from 0 to 9 inclusive;
d1 I 0 unless n : 0 andt : 0; and

n :  dr . l f f  *  dt-r .10k t  +. . .  + d2.102 + 4. t0 + h.

(For example, 2,503 :2.103 + 5.102 + 0.10 + 3.)

41. Prove that if n is any nonnegative integer whose decimal
representation ends in 0, then 5 ln. (Hint: If the decimal
representation of a nonnegative integer n ends in d6, then
n : lom * do for some integer la.)
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3.21.1 The Quotient'Remainder Theorem

Given any integer n and positive integer z/' there exist unique integers q and r such

that

n:c lq1-r  and 0<r<d'

We give a proof of the quotienGremainder theorem in Section 4'4'

Ifnispositive,thequotient-remaindertheoremcanbeil lustratedonthenumberline
as follows:

d 2d3d qdn

qd n -3/ -2! -( I

If n is negative, the picture changes' Since n - dq * r' where r is nonnegative' d must

be multiplied uy u n"guii* inteier q to go below n. Then the nonnegative integer r is

added to come back up to ,?' This is illustrated as follows:

r

---.': :L[MN,'

;

Erample 3.4.1 The Quotient-Remainder Theorem

Foreachofthefol lowingvaluesofnandd'f indintegers4
and0<r<d'

a.n:54,c]  :4 b 'n:-54'd:4 c 'n:54'

Solution

a. 54:4 '13 + 2;  hence q -  13 andr :2 '

b.  -54 :  ( -14) '  4+2:hence q -  -14 andr :2 '

c.  54 :70'  0 + 54; hence 4 :  0 and r :  54'

and r such lhat n : dq -l r

d : '10

I

f,lt\ p, > a

Liler :,',r u

div and mod
A number of computer languages have built-in functions that enable you to compute many

values of q and r for the q"uori"nu."r,'ainder theorem. These functions are called div and

mod in pascal, are called ) and7oin c and ct-F, are called I andva in Java, and are called

/(or\)andmodin.NET.Thefunctionsgivethevaluesthatsatisfythequotient-remainder
theoremwhenanonnegat iveintegernisdiv idedbyaposi t iveintegerdandtheresul t
is assigned to an integer variable. However, they do not give the values that satisfy the

quotient-remainder th-eorem when a negative integer n is divided by a positive integer d

(see exercise 16 at the end of this section). So we restrict our definitions for div (short

for ,'divided by") and mod (shorlfor "modulo") to division of a nonnegative integer' The

modulo concept is discussed in greater detail in Sections 10'3 and l0'4'
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More generally, if DayT isthe day of the week today and DayN is the day of the week

in N days, then

DayN : (DayT * N) mod1,

where Sunday:0,  MondaY: 1,  . . . .  Saturday:6.

3.4.1

I

als one ;r
d musl :e
an mtesr
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rte rt,Jl-" ,r
i_rnore u
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ltrat da1 ;r

has 7 da1:

Representations of I ntegers
In Section 3.1 we defined an even integer to have the form 2ft for some integer k' At that

time we could have defined an odd integer to be one that was not even. Instead, because

it was more useful for proving theorems, we specified that an odd integer has the form

2k + | for some integer k. The quotient-remainder theorem brings these two ways of

describing odd integers together by guaranteeing that any integer is either even or odd.

To see why, let n be any integer, and consider what happens when n is divided by 2. By

the quotient-remainder theorem (with d : 2), there exist integers q and r such that

n:2q*r and 0<r<2.

Buttheonly integersthatsat isfy0<r<2arer:0andr=1. I t fo l lowsthatgivenany

integer n,there exists an integer 4 with

n:2q*0 or n:2q*I .

In the case that n : 2q * 0 : 2q, n is even. In the case that n : 2q * l, n is odd. Hence

n is either even or odd.
The parity of an integer refers to whether the integer is even or odd. For instance, 5

has odd parity and 28 has even parity. We call the fact that any integer is either even or

odd the ParitY ProPertY.

Example 3.4.4 Consecutive Integers Have Opposite Parity

Prove that given any two consecutive integers, one is even and the other is odd.

Solution Two integers are called consecutive if, and only if, one is one more than the other.

So if one integer is n, the next consecutive integer is ru * 1.

To prove the given statement, start by supposing that you have two particular but

arbitrarily chosen consecutive integers. If the smaller is m, then the larger will be m * I.

How do you know for sure that one of these is even and the other is odd? You might

imagine some examples: 4, 5; 12, 13; I,013,1,014. In the first two examples, the smaller

of the two integers is even and the larger is odd; in the last example, it is the reverse.

These observations suggest dividing the analysis into two cases.

Case l: The smaller of the two integers is even.

Case 2: The smaller of the two integers is odd.

In the first case, when rn is even, it appears that the next consecutive integer is odd.

Is this always true? If an integer ln is even, must r?4 * 1 necessarily be odd? Of course

the answer is yes. Because if m is even, then m : 2k for some integer k, and so m * I :

2k + l. which is odd.
In the second case, when rn is odd, it appears that the next consecutive integer is even.

Is this always true? If an integer m is odd, must tto * 1 necessarily be even? Again,

the answer is yes. For if m is odd, then m : 2k * I for some integer k, and so m I | :

(2k + r)  *  I  :2k a )  :2(k *  1) ,  which is even.
This discussion is summarized as follows.
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Example 3.4.5 Representations of Integers Modulo -l

Showthatanyintegercanbewri t teninoneofthefourforms

n:4q or n-4q-t1 or n:4q*2 or n:4q*3

for some integer q.

Solution Given any integer n, apply the quotient-remainder theorem to n with d : 4. This

implies that there exist an integer quotient q and aremainder r such that

n:4q*r and 0<r<4.

But the only nonnegative remainders r that are less than 4 are 0, I,2, and 3. Hence

n:4q or 4:4q * |  or  n:4q 12 or n:4q *3

for some integer q. I

The next example illustrates how alternative representations for integers can help

establish results in number theory. The solution is broken into two parts: a discussion

and a formal proof. These corespond to the stages of actual proof development. Very

few people, when asked to prove an unfamiliar theorem, immediately write down the kind

of tormat proof you find in a mathematics text. Most need to experiment with several

possible approaches before they find one that works. A formal proof is much like the

ending of a mystery story-the part in which the action of the story is systematically

reviewed and all the loose ends are carefully tied together'

Example 3.4.6 The Square of an Odd Integer

prove that the square of any odd integer has the form Sln * I for some integer m.

Solution Begin by asking yourself, "Where am I starting from?" and "What do I need to

show?" To help answer these questions, introduce variables to represent the quantities in

the statement to be Proved.

Fonnal Restatement: V odd integers n, 3 an integer rt such lhat n2 :8m I l'

From this, you can immediately identify the starting point and what is to be shown.

Starting Poinf.. Suppose n is a particular but arbitrarily chosen odd integer.

To Show:3 an integer rr such that n2 : 8m I l.

This looks tough. Why should there be an integer m with the property thar n2 :

8m*l? Tharwouldsaythat(n2 - 1)/8isaninteger,orthat8dividesn2 - l. Perhapsyou

could make use of the fact that nz - | : (n - l)(n + 1). Does 8 divide (n - 1)(n * 1)?

Since n is odd, both (n - 1) and (n * 1) are even. That means that their product is divisi-

ble by 4. But that's not enough. You need to show that the product is divisible by 8. This

seems to be a blind alleY.
You could try another tack. Since n is odd, you could represent n as 2q * I for some

integer q. Then nz : (2q+ 1)2 : 4q2 + 4q | | : 4(qz * q') + 1. It is clear from this

analysis that nz can be written in the form 4m * I, but it may not be clear that it can be

written as Sru * 1. This also seems to be a blind alley.*
yet another possibility is to use the result of Example 3.4.5. That example showed

that any integer can be written in one of the four forms 4q, 4q -l l,4q *2, or 4q *3.

Two of these,4q * I and 4q *3, are odd. Thus any odd integer can be written in the

*See exercise 25 for a different perspective.
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Note that the result of Theorem 3.4.3 can also be written, "For any odd integer n,
nzmodS:1."

Erercise Set 3.4
: " ::.-h of the values of n and d given in l-6, lind integers 4
rr , : '  .uchthatn :  dq I  r  and} < r  < d.

- ,  t :70,d:9

, :  r :36,d:40

i  c=-! ,J,4-11

2. n:62,d:7

4. n:3,d:71

6. n:  -27,d:8

i -- -rle the expressions in 7-10.

-  t .43div9 b.43mod9

i t. 50 div 7 b. 50 mod'|

t  t .28div5 b.28mod5

' ,  a.30div2 b.30mod2

- Check the correctness of formula (3.4.1) given in Example

-1.4.3 for the following values of DayZ and N.
a. DayT:6 (Saturday) and N: 15
b. DayT : 0 (Sunday) and N : 7
c. DayT:4 (Thursday) and N : 12

r I Justify formula (3.4.1) for general values of DayZand N.

,-r. On a Monday a friend says he will meet you again in 30
days. What day of the week will that be?

t -.1" If today is Tuesday, what day of the week will it be 1,000
days from today?

-: January 1, 2000 was a Saturday, and 2000 was a leap year.
What day of the week will January 1, 2050 be?

il ll. The / and % functions in Java operate as follows: lf q and r
are the integers obtained from the quotient-remainder theo-
rem when a negative integer n is divided by a positive inte-

,eer d, then n/d is q * 1 and nVad is r - d, provided that
these values are assigned to an integer variable. Show that
n I d nd n%od satisfy one of the conclusions of the quotient-
remainder theorem but not the other. To be specific, show
that the equation n : d .nld + n%od is true but the condi-
tion 0 < nVod < d is false. (The functions div and mod in
Pascal, / and Vo in C and C**, and / (or \ ) and mod in
.NET operate similarly to I and Vo in Java.)

n-. When an integer a is divided by 7, the remainder is 4. What
is the remainder when 5c is divided by 7?

- !. When an integer b is divided by 12, the remainder is 5. What
is the remainder when 8b is divided by 12?

- 9. When an integer c is divided by 15, the remainder is 3. Whar
is the remainder when 10c is divided by 15?

10. Suppose d is a positive integer and n is any integer. If d I n,
what is the remainder obtained when the quotient-remainder
theorem is applied to n with divisor d?

H 21. Prove that a necessary and sufficient condition for a non-
negative integer n to be divisible by a positive integer d is
thatnmodd:0.

22. Amatix M has 3 rows and 4 columns.

1"" 
a.tz

I  At t  A))

L,;; ";;

aB 
"rofazt oto 

Iay au)

The 12 entries in the matrix are to be stored in row major
form in locations 7,609 to 7,620 in a computer's memory.
This means that the entries in the first row (reading left to
right) are stored first, then the entries in the second row, and
finally the entries in the third row.
a. Which location will a22 be stored in?
b. Write a formula (in I and j) that gives the integer n so

that a;; is stored in location 7,609 + n.
c. Find formulas (in n) for r and s so that a,, is stored in

location 7,609 +n.

23. Let M be a matrix with m rows and n columns, and
suppose that the entries of M are stored in a computer's
memory in row major form (see exercise 22) in locations
N, N + 1,  N +2,. . . ,  N + mn -  l .  F indformulasinf t for
r and s so that a., is stored in location N * ft.

24. Proye that the product of any two consecutive integers is
even.

25. The result of exercise 24 suggests that the second apparent
blind alley in the discussion of Example 3.4.6 might not be
a blind alley after all. Write a new proof of Theorem 3.4.3
based on this observation.

26. Prove that for all integers n, n2 - n * 3 is odd.

27. Show that any integer n can be written in one of the three
forms

n:3q or n:3q*1 or n:3q-1 2

for some integer q.

28. a. Use the quotient-remainder theorem with d : 3 to prove
that the product of any three consecutive integers is di-
visible by 3.

b. Use the mod notation to rewrite the result of part (a).

H 29. lJse the quotient-remainder theorem with r/ : 3 to prove
that the square of any integer has the form 3k or 3k * 1 for
some integer ft.

30. Use the quotient-remainder theorem with d : 3 to prove
that the product of any two consecutive integers has the
form 3k or 3k * 2 for some inteser ft.
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lmagine a real number sitting on a number line. The Jloor and ceiling of the number are

the integers to the immediate left and to the immediate right of the number (unless the

number is, itself, an integeq in which case its floor and ceiling both equal the number

itself ). Many computer languages har e built-in functions that compute floor and ceiling

automatically. These functions are verv convenient to use when writing certain kinds

of computer programs. In addition. the concepts of floor and ceiling are important in

analyzing the efficiency of many computer algorithms.

Given any real number x, the floor of x, denoted lxl, is defined as follows:

Lxl : thatunique integer n such that n < x < n * l.

Symbolically, if x is a real number and n is an integer, then

Lxl-n <+ n<x<n*7.

-T
#

n t t+l

+
floor of -r = Lxl

Given any real number x, the ceiling of r, denoted fxl , is defined as follows:

fx'l : thatuniqueinteger n such that n - | < x < n-

Symbolically, if x is a real number and n is an integer, then

lxf :n <+ n-7<x<n'

i
ceiling ofr = [r1

Computing Floors and Ceilings

Compute lrl and fx'l for each of the following values of ;r:

a.2514

Solution

a. 2514:6.25 and6 < 6.25 < 7;hence 12514):6andl25l4l :7.

b. 0 < 0.999 < l ;hence 10.9991 :0 and [0.999] :  l .

c.  -3 < -2.01 < -2; hence L-2.011 :  -3 and l-2.011: -2.

Note that on some calculators [l] is denoted INT (x).

L, l i  - -  -

alue of r.

rumber. -:el

' i l  \tJte-r:"Tl

r e "rf .{ :,:r

Example 3.5.L

b. 0.999 c. -2.01

T
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Thus if x and ) are positive,

x * ) : L-rl + Lyl * the smn of the fractional parts of x and y.

But also

x * y : Lx * lj * the fractional part of (x * y).

These equations show that ifthere exist numbers x and y such that the sum ofthe fractional
parts of x and y is at least 1, then a counterexample can be found. But there do exist such
x and y; for instance, -r : I and y : j as before. I

The analysis of Example 3.5.4 indicates that if x and y are positive and the sum of their
fractional parts is less than I , then Lx * yJ : lxl * Ly j . In particular, if r is positive
andmisaposi t iveinteger, thenf.r lml: lx)- lLm): fx. l  *m.(Thefract ionalpart
of m is 0; hence the sum ofthe fractional parts ofx and la equals the fractional part ofx,
which is less than 1.) It turns out that you can use the definition of floor to show that this
equation holds for all real numbers -r and for all integers m.

Example 3.5.5 Proving a Property of Floor

Prove that for all real numbers -r and for all integers m,lx + m) : lr) * m.

Solution Begin by supposing that x is a particular but arbitrarily chosen real number and that
la is a particular but arbitrarily chosen integer. You must show that Lx * m) : lxl * m.
Since this is an equation involving lrl and lx -l m), it is reasonable to give one of these
quantities a name: Let n : Lxl. By definition of floor,

nisaninteger and n < x <nl l .

This double inequality enables you to compute the value of f-t * nt I in terms of n by
adding ru to all sides:

n*m<x*m<n*m11.

Thus the left-hand side of the equation to be shown is

lx- fm):nlm.

On the other hand, since n : Lxl, the right-hand side of the equation to be shown is

lx)+m:nlm

also. Thus Lx * m) : f"rl * la. This discussion is summarized as follows:

Proof:

Suppose a real number x and an integer m are given. lWe must show that lx * m ) :

Lx ) * m.lLet n : Lxl. By definition of floor, n is an integer and

n<x<n*1..

Add m to all sides to obtain

n*m<xlm <nlml l

Theorem 3.5.1

For all real numbers x and all integers m,lx * m) : lxl * m.

continued on page 168
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Given a nonnegative integer n and a positive integer d, the quotient-remainder theorem
guarantees the existence of unique integers q and, r such that

n:dqlr  and 0<r<d.

The following theorem states that the floor notation can be used to describe q and r as
follows:

l r l  , ln l, : la l  and r :n- t l ; )

Thus if, on a calculator or in a computer language, floor is built in but div a1'd mocl are
not, div and mod can be defined as follows: For a nonnegative integer n and apositive
integer d,

ndivd :L: l  and nmodd :"  -  t l : )

Note that d divides n if, and onry if, n mod d :0,or, in other words, n : dLn/cr). you
are asked to prove this in exercise 13.

Theorem 3.5.3

Ifn is a nonnegative integer and d is a positive integer, andif q : ln/d.l and r :
n -  d ln/dl , tben

n:dq*r and 0<r<d.

Proof:

Suppose n is a nonnegative integer, d is a positive integer, q: lnld), and r:
n - d ln / d ). [we must show that n - dq t r and0 < r i d.1 ny substitution,

dq * r  : , t l : l  *  ( ,  -  a l  l l )  : , .
Ld J \  LdI l

So it remains only to show that 0 < r < d. But q : ln/dl. Thus, by definition of
floor.

nq=A<q+r.

Then

dq . , < dq * d by multiplying all parts by r/

and so

0 < n - dq < d by subtracting d4 from all parts.

But

Hence

0<r<d Aysubsr i tur ion

lThis is what was to be shown.f

r :n-r l : l -n_ dq.
La)



]if

/ 
- 

\ / ? \ l-r-l

(--)(=):t+t \I + u,/ \ I - 
', | | z" I

'z re8elur ppo ,{u3 rod 8Z

'1]_ lxlT: lxTl
uqlqlZlI ? []rl - .rJI 'r srequlnu IP-etIW ni 'LZ

'lxl7: lrTl
Lretll zll > f rl - r Jr 'x sreqrunu Per II8 rod '92

'lV I xl : lZl lZl rll '.r sreqlunu Ieer II3 rod 'SZ H

'l * M: lr - wf + fxl ueql're8elur
!r J. Jr 'r: Jequnu leer .{uu puu ta re8elur Kue rc4 'p7

.1_:[r-l*fxT

::ialur ue lou sI r Jt 'r Jequmu per f,ue lod 'fZ

'62-tZ u! sluotrlelEls 3ql lo qJue r^ord

'[.(l . Lr.l : f,trl 'ri pu? r srequnu IeerIIE rof 'ZZ

'Zl0 + u) : lTlu) 'u sre8alul ppo IIe rod 'IZ

'1,(l . Lrl : llrl '{ pu€ r srequnu Iser II€ rog '02

'I + Lfl : LI + rl 'r s;aqrunu leer IIP ro{ '6I H

_il + lrl : L,t + rl '1( pue r sroqrunu IEer IIe ro{ '8I H

Z: t pow u Jt tl7 - u)l

| :e poa uJt flq - utl : frtrl
,I

0: e pou't u lt t/u )

'z sre8elut IIE ro{ '/I H

'z[r.l : f rrl 'r srequnu Ieer II€ rod '9I

'l - frl : fI - rl 'r srequrnu leer IIe rod 'SI

- il - [r'l : f,i - -tl ',{ pue x sreqlunu l€er II3 rod 'tI

'iua[lslPls esll:,I

.l aldutuxa:elunoJ u puu puu lueueltls onil qJEa alo-ld

:.ill Jruos puE anjl 3.ttl zz-f l uI slueluolllls Jql -}o 
sLtlos

'p reSelut ue ,{q elqrsr,r.rp eq o1 a re8elut u? roJ uolllpuoJ

luercgJns puu ,{resseceu E el€ls ol uoll€lou JooB aql esn 'c

'u I p ve$'p. lPlul : u lI'q
'p.lplul: u ueg'ulp Jl 'v

'3ur,,no11o;

eql Jo qrea e^ord '0 # p pue s.re8elur erc p pue u esoddn5 g 1

'7lu : lTlu] ueqt 'reSelul ue,te fue sL JI luql e^ord 'ZI

'Jeqrunu tuqt lenba ol lJqrunu IeeJ
u Jo roog eql JoJ uollrpuoJ lualJgJns pue ,ftessereu e elsts ' I I

'elnurJoJ stql;o slueuoduoc luereJJlp eqr leJdlerul 'q H
'qurq rnof Jo ruef eqt '11 00IZ 'I 0S0Z 'l

;o 1 f;enue1 puu ot elnurroJ slqt esf) '€

, ,o*[ oo,I * [llo]_l _ [_L-l*,) \l t-rl lt-rl lt-ul /

:elnuroJ 8ur,tro11o; aql ,(q ue.tr8

{ae,{{ eql Jo ,(Bp eqr uo srncco u Jf-ai 1o 1 ,ftenue1 ueqt 
"(ep -rnles - 9'"'',{upsenl- 7',(epuo141 :1',(upun5:gJI '01

6eluudo:dde eJoru sI uorlElou qtlqi(\
'uorlelou 8u1yec eqt ro Joog eql Jeqlle Sursn lcnpo;d eql;o

slrun u drqs o1 perrnbe; eq plno^\ 1€ql soxoq Jo requnu eql

sse.rdxg Jeleseloq^\ e ol JemlceJnueur eql uro4 lcnpord e

drqs ol pesn em 'sllun 99 Surploq;o elqeduc qcee 'sexog '6

leleudo.rdde aroru

sr uoqelou qcrql6 'uollelou tutlrec eql Jo toog eql leqlle

Sursn pueleur mer;o spunod u ruoq pe3npord eq uec leql
slrunJo Jeqrrnu eq1 sserdxg 'lcnpord uruuec B Jo llun qcee

ernlceJnu€u ol pepeeu eJ? I?IJelsrU ,ter;o spunod ue^es '8

irq,tt a Li t ll sr 1eq.t 're8elur ue sI ? JI I

ifqn. elll sr leqm're8elul u€ sI ?JI '9

'rl pow 692
pua II 

^tp 69g sse.rdxe ol uollelou roog eql esn I

glzE- ', Ioooo'tl- 't

vlu 'z 666'Lt, ',r

'17 l ur r'.+o sanlu^ rqtJo qler loJ l-t'l pur: [r"l :tnduro3

9'g Jes estuexl

:'lllLl lIllilll Jlrhir

'8: ZVS; - 098€ :

9ZZ' Ll - 0988 :

lrtloEssl 'lI - o98E : Lr Pow osSE
gzz: I Lt'gzz1 : I ttlosS€.] : LI ,11p 0E8€

'(t'S'g) epurro; ,{g uortnlos

' LI pou 0gg€ pue U ^!p 1ggE alnduoc ot uolletou roog oql esll

pout puv,lrp SurlnduoJ 9's't elduBxg

]oord jo spoqlaf! pue fuoeql roqulnN rtelueuuel3 g leldeq3 OLI



f$ Frrr any odd integern,

f  " r f  
n2 +3

l4l  4

il. irnd the mistake in the following "proof" thar Ln/2J:
t - l) /2 if n is an odd integer.
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"Proof: Suppose n is any odd integer. Then n : 2k -l 1 for
some integer ft. Consequently,

But n : 2k + 1. Solving for ft gives k: (n - 1)/2.
Hence, by substitution, ln/21 : @ - Dl2)'

|2k+| |_tzt  +t l - |  _2k _,_
|  )  l :  '  

: t :n '
_JL

:ege:. -i!ilI

l . l i ] i i i [n

3.6 tndirect Argument: Contradiction
and Contraposition
Reductio ad absurdum is one of a mathematician's finest weapons. It is a far finer
gambit than any chess gambit: a chess player may offer the sacrifice of a pawn or even
a piece, but the mathematician offers the game. - c H. Hardy, 1977-1947

In a direct proof you start with the hypothesis of a statement and make one deduction after
another until you reach the conclusion. Indirect proofs are more roundabout. One kind
of indirect proof, argument by contradiction, is based on the fact that either a statement
is true or it is false but not both. Suppose you can show that the assumption that a given
statement is not true leads logically to a contradiction, impossibility, or absurdity. Then
that assumption must be false; hence, the given statement must be true. This method of
proof is also known as reductio ad impossible or reductio ad absurdum because it relies
on reducing a given assumption to an impossibility or absurdity.

Argument by contradiction occurs in many different settings. For example, if a man
accused of holding up a bank can prove that he was some place else at the time the crime
was committed, he will certainly be acquitted. The logic of his defense is as follows:

Suppose I did commit the crime. Then at the time of the crime, I would have had to be
at the scene of the crime. In fact, at the time of the crime I was in a meeting with 20
people far from the crime scene, as they will testify. This contradicts the assumption
that I committed the crime, since it is impossible to be in two places at one time. Hence
that assumption is false.

Another example occurs in debate. C)ne technique of debate is to say, "suppose for
a moment that what my opponent says is correct." Starting from this supposition, the
debater then deduces one statement after another until finally arriving at a statement that
is completely ridiculous and unacceptable to the audience. By this means the debater
shows the opponent's statement to be false.

The point of departure for a proof by contradiction is the supposition that the statement
to be proved is false. The goal is to reason to a contradiction. Thus proof by contradiction
has the followins outline:

Method of Proof by Contradiction

1. Suppose the statement to be proved is false. That is, suppose that the negation of
the statement is true. (Be very careful when writing the negation!)

2. Show that this supposition leads logically to a contradiction.

3. Conclude that the statement to be proved is true.
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Theorem 3.6.2

There is no integer that is both even and odd.

Proof:

fwe take the negation of the theorem and suppose it to be /rue.] suppose not. That
is, suppose there is an integer n that is both even and odd. lwe must deduce a
contradiction l By definition of even, n :2a for some integer a, andby definition
of odd, n : 2b * 1 for some integer b. Consequently,

2a : 2b I I by equating the two expressions for n

and so

2a-2b: l

2(a-b): l

(a - b) : ll2 bY algebra.

Now since a and b are integers, the difference a - b must also be an integer. But
a - b : l/2, and I 12 is notan integer. Thus a - b is an integer and a -b is not an
integer, which is a contradiction. fThis contradiction shows that the supposition is
false and, hence, that the theorem is true.l

I

The next example asks you to show that the sum of any rational number and any
irrational number is irrational. One way to think of this is in terms of a certain object
(the sum of a rational and an irrational) not having a certain property (the property of
being rational). This suggests trying a proof by contradiction: suppose the object has the
property and deduce a contradiction.

Example 3.6.3 The Sum of a Rational Number and an rrrational Number

Use proof by contradiction to show that the sum of any rational number and any irrational
number is irrational.

Solution Begin by supposing the negation of what you are to prove. Be very careful when
writing down what this means. If you take the negation incorrectly, the entire rest of the
proof will be flawed. In this example, the statement to be proved can be written formally as

V real numbers r and s, if r is rational and
s is irrational, then r * s is irrational.

From this you can see that the negation is

I a rational number r and an irrational
numbers such that r * s is rational.

caution! The negation of "The sum of any irrational number and any rational
number is irrational" is Nor "The sum of any irrational number and any
rational number is rational."
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Now bc - acl and bd are both inte sers Isittce a. b. c. nntl d are, ttnd.since products
and tlffirenc:es of integers are irrregersl. and btl # 0 lbl, the :,ero product proper\'1.
Hence s is a quotient of the tu o integers bc - atl and bd with bd I 0. Thus, by def:
inition of rational, .i is rational. u hich contradicts the supposition that s is irational.

fHenc:e the supposition is ful.se utttl tlte theorem is true.l

Argument by Contraposition
A second form of indirect argument, argument by contruposition, ts based on the logical
equivalence between a statement and its contrapositive. To prove a statement by con-
traposition, you take the contrapositive of the statement, prove the contrapositive by a
direct proof. and conclude that the original statement is true. The underlying reasoning
is that since a conditional statement is logically equivalent to its contrapositive, if the
contrapositive is true then the statement must also be true.

Method of Proof by Contraposition

1. Express the statement to be proved in the form

Vx in D, if P(,r) then O(x).

(This step may be done mentally.)

2. Rewrite this statement in the contrapositive form

Vx in D, it QG) is false then P(x) is false.

(This step may also be done mentally.)

3. Prove the contrapositive by a direct proof.

a. Suppose x is a (particular but arbitrarily chosen) element of D such that Q(r)
is false.

b. Show that P(;r) is false.

Example 3.6.4 If the Square of an Integer Is Even, Then the Integer Is Even

Prove that tbr all intesers n, if l l is even then n is even.r r  I -  , '

Iiru:

Solution First form the contrapositive of the statel.nent to be proved.

Cott t r t t l t t ts i t i te.  For al l  integers n.  i f  n is not e\en then nl  is  not even.

By the quotient-remainder theorem with d : 2, any integer is even or odd, so any integer
that is not even is odd. Also by Theorem 3.6.2, no integer can be both even and odd. So
if an integer is odd, then it is not even. Thus the contrapositive can be restated as fbllows:

Contrcrpo.sitiver For all integers n. if rr is odd then rrr is oclcl.
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As an example, here is a proof b1' contradiction of Proposition 3.6.4, namely that for
any integer n,if nz is even then n is even.

Proposition 3.6.4

For all intesers n.if nz is even then n is even

Proof (by contradiction):

fWe take the negation of the theorem and suppose it to be trae.l Suppose not. That
is, suppose there is an integer n such that rz2 is even and n is not even. lWe must
deduce a contradictioz.l By the quotient-remainder theorem with d : 2, any integer
is even or odd. Hence, since n is not even it is odd, and thus, by definition of
odd. r : 2k + | for some integer k. By substitution and algebra: n2 : (2k * l)2 :

4k2 + 4k + | :2(2kz + 2k) + 1. But2kz * 2k is an integer because products and
sums of integers are integers. So n2 : 2 ' (an integer) + l, and so, by definition of
odd,n2 is odd. Therefore, lr2 is both even and odd. This contradicts Theorem 3.6.2,
which states that no integer can be both even and odd. fThis contradiction shows that
the supposition is false and, hence, that the proposition is true.l

Note that when you use proof by contraposition, you know exactly what conclusion
you need to show, namely the negation of the hypothesisl whereas in proof by contradic-
tion, it may be difficult to know what contradiction to head for. On the other hand, when
you use proofby contradiction, once you have deduced any contradiction whatsoever, you
are done. The main advantage of contraposition over contradiction is that you avoid having
to take (possibly incorrectly) the negation of a complicated statement. The disadvantage
of contraposition as compared with contradiction is that you can use contraposition only
for a specific class of statements-those that are universal and conditional. The discus-
sion above shows that any statement that can be proved by contraposition can be proved
by contradiction. But the converse is not true. Statements such as "Ji i" irrational"
(discussed in the next section) can be proved by contradiction but not by contraposition.

Proof as a Problem-Solving Tool
Direct proof, disproof by counterexample, proof by contradiction, and proof by contra-
position are all tools that may be used to help determine whether statements are true or
false. Given a statement of the form

For all elements in a domain, if (hypothesis) then (conclusion),

imagine elements in the domain that satisfy the hypothesis. Ask yourself: Must they
satisfy the conclusion? If you can see that the answer is "yes" in all cases, then the
statement is true and your insight will form the basis for a direct proof. If after some
thought it is not clear that the answer is "yes," try to think whether there are elements of
the domain that satisfy the hypothesis atd not the conclusion. If you are successful in
finding some, then the statement is false and you have a counterexample. On the other
hand, ifyou are not successful in finding such elements, perhaps none exist. Perhaps you
can show that assuming the existence of elements in the domain that satisfy the hypothesis
and not the conclusion leads logically to a contradiction. If so, then the given statement is
true and you have the basis for a proof by contradiction. Alternatively, you could imagine
elements of the domain for which the conclusion is false and ask whether such elements
also fail to satisfy the hypothesis. If the answer in all cases is "yes," then you have a basis
for a oroof bv contraoosition.
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)1F' ' -re statements in 17 and 18 by contraposition.

- -: : product of two positive real numbers is greater than 100,
:en at least one ofthe numbers is greater than 10.

l -- a sum of two real numbers is less than 50. then at least
.r..' of the numbers is less than 25.

t l".nsider the statement "For all integers n. if n2 is odd then
: ls odd."
:. \lrite what you would suppose and what you would need

to show to prove this statement by contradiction.
: Write what you would suppose and what you would need

to show to prove this statement by contraposition.

illl l.rnsider the statement "For all real numbers r. if 12 is irra-
:inal then r is irrational."
. Write what you would suppose and what you would need

to show to prove this statement by contradiction.
: Write what you would suppose and what you would need

to show to prove this statement by contraposition.
:i' = :;rch of the statements in 2l-26 in two ways: (a) by con-
r--:, -rtion and (b) by contradiction.

ll le negative of any irrational number is irrational.

''- lhe reciprocal of any irrational number is irrational. (The
reciprocal of a nonzero real number x is 1/x.)

l ; \  F.rral l integers a,b,andc,i f  a /bcthena /b. (Recall that
-,.:re symbol /means "does not divide.")

5 F.-rr all integers m and n, if m I n is even then m and n are
arth even or m and r? are both odd.

rr Foral l integersa, b,andc,i f  a lbanda I c,thena X (b + c).
Hint: To prove p --+ q v r, it suffices to prove either

? \ -q -+ r or p A -r -+ 4. See exercise 14 in Section
j1\

f The following "proof" that every integer is rational is incor-
:ect. Find the mistake.
"Proof (by contradiction): Suppose not. Suppose every
nteger is irrational. Then the integer I is irrational. But
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| : I 11 , which is rational. This is a contradiction. lHence
the supposition is false and the theorem is true.f"

28. a. Use the properties of inequalities in Appendix A to prove
that for all integers r, s, and n, if r > Ji and s > Jn
then rJ' > ,.

l/ b. Use proof by contraposition and the result of part (a) to
show that for all integers n > l, rf n is not divisible by
any positive integer that is greater than 1 and less than or
equal to ,r/F, then n is prime.

c. Use proof by contraposition and the result of paft (b) to
show that for all integers n > l, if n is not divisible by
any prime number less than or equal to .fi, then n is
prime.

29. Use the result of exercise 28 to determine whether the fol-
lowing numbers are prime.
a. 66'7 b. 557 c. 527 d. 613

30. The sieve of Eratosthenes, named after its inventor, the
Greek scholar Eratosthenes (276-194 B.c.), provides a way
to lind all prime numbers less than or equal to some fixed
number n. To construct it, write out all the integers from
2 to n. Cross out all multiples of 2 except 2 itself, then all
multiples of 3 except 3 itself, then all multiples of 5 except
5 itself, and so forth. Continue crossing out the multiples
of each successive prime number tp to Ji. The numbers
that are not crossed out are all the prime numbers from 2 to
n. Here is a sieve of Eratosthenes that includes the numbers
from 2 to 2'7 . The multiples of 2 are crossed out with a /,
the multiples of 3 with a \, and the multiples of 5 with a -.

23.{sK7,, \Wtt tz13 14
t+ t6 r7 >4 le 7+ X 22 23 >4 + % >7

Use the sieve of Eratosthenes to find all prime numbers less
than 100.

31 . Use the results of exercises 28 and 30 to determine whether
the following numbers are prime.
a. 9,269 b. 9,103 c. 8,623

H + 32. Use proof by contradiction to show that every integer greater
than l l is a sum of two composite numbers.

! fitLl':-a

. r6.  :  
-

rrati.r-,:

d. 7,917

least c,: :

ut ion -, i

iposrll,rr

:  For; .
, intese:

[ehnitrr:

substir .-

ecause _
' t .  and r-

3.7 Two Classical Theorems
How flat and dead would be a mind that saw nothing in a negation but an opaque
barrier! A live mind can see a window onto a world of possibilities.

- Douglas Hofstadter, Gridel, Escher Bach, 1919

This section contains proofs of two of the most famous theorems in mathemati cs: that A
is irrational and that there are infinitely many prime numbers. Both proofs are examples
of indirect arguments and were well known more than 2,000 years ago, but they remain
exemplary models of mathematical argument to this day.
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Now that you have seen the proof that Ji is inational, you can easily derive the
irrationality of certain other real numbers.

Example 3.7.1 Irrationality of | + 3rt

Prove by contradiction that I * 3 O isirrational.

Solution The essence of the argument is the observation that if I + 3J, could be written
as a fraction, then so colld 

"/2. 
But by Theorem 3.1 .1, we know that to be impossible.

Theorem 3.T.l Irrationality of rt

r/2 is irrational.

Proof:

lWe take the negation and suppose it to be trae.l Suppose not. That is, suppose 1,4
is rational. Then there are integers m and n with no common factors such that

J' : m

n
3.7.1

lby dividing m and n by any common factors if necessary). [We must derive a
contradiction l Squaring both sides ofequation (3.7.1) gives

t
m-

" :  , r r .

Or, equivalently,

m2 :  2n2. 3. i .z

Note that equation (3.1 .2) implies that mz is even (by definition of even). It follows
that m is even (by Proposition 3.6.4). We file this fact away for future reference and
also deduce (by definition of even) that

m :2k for some integer ft.

Substituting equation (3 .7 .3) into equation (3 .1 .2), we see thar

m2 :  (2k)2 :4k2 :2n2.

Dividing both sides of the righrmost equation by 2 gives

n2:2k2.

Consequently, n2 is even, and so n is even (by Propositi on 3.6.4). But we also know
that m is even. fThis is the fact we filed away.lHenceboth m and n have a common
factorof2. Butthiscontradictsthesuppositionthatmandnhavenocommonfactors.

lHence the supposition is false and so the theorem is true.l
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The idea of Euclid's proof is this: Suppose the set of prime numbers were linite. Then

you could take the product of all the prime numbers and add one. By Theorem 3.3.2 this

number must be divisible by some prime number. But by Proposition 3.7.3, this number is

not divisible by any of the prime numbers in the set. Hence there must be a prime number

that is not in the set of all prime numbers, which is impossible.
The followins formal proof fills in the details of this outline.

Theorem 3.7.4 Infinitude of the Primes

The set of prime numbers is infinite.

Proof (by contradiction):

Suppose not. Suppose the set of prime numbers is finite. lWe mLtst deduce a

contradiction l Then all the prime numbers can be listed, say, in ascending order:

pt :2,  pz:3,  pt :5,  p+:J,  ps:17,. . . ,P, .

Consider the integer

N: ptpzps" 'p" l l .

Then N > l, and so, by Theorem 3.3.2, N is divisible by some prime number p.

Also, since p is prime, p must equal one of the prime numbers Pt, Pz, Pt, . . . ,
pn.  Thus pl(ptpzpt. . .p,) .  ByProposi t ion3. l .3,  p X @rpzpt" 'P, l  l ) ,  andso
p / N. Hence p I N and p I N, which is a contradiction. fHence the supposition is

false and the theorem is true.l

The proof of Theorem 3.7.4 shows that if you form the product of all prime numbers

up to a certain point and add one, the result, N, is divisible by a prime number not on the
list. The proof does not show that N is, itself, prime. In the exercises at the end of this

section you are asked to find an example of an integer N constructed in this way that is
not prime.

When to Use lndirect Proof
The examples in this section and Section 3.6 have not provided a definitive answer to the
question of when to prove a statement directly and when to prove it indirectly. Many
theorems can be proved either way. Usually, however, when both types of proof are
possible, indirect proof is clumsier than direct proof. In the absence of obvious clues
suggesting indirect argument, try first to prove a statement directly. Then, if that does not
succeed, look for a counterexample. If the search for a counterexample is unsuccessful,
look for a proof by contradiction or contraposition.

Open Questions in Number Theory
In this section we proved that there are infinitely many prime numbers. There is no known
formula for obtaining primes, but a few formulas have been found to be more successful at
producing them than other formulas. One such is due to Marin Mersenne, a French monk
who lived from 1588-1648. Mersenne primes have the form2l'- l, where p is prime.
Not all numbers of this form are prime, but because of the greater likelihood of finding
primes among them, those seeking large prime numbers often test these for primality. As
a result, many of the largest known prime numbers are Mersenne primes.
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ll. The quotient-remainder theorem says not only that there ex-

ist quotients and remainders but also that the quotient and

remainder of a division are unique' Prove the uniqueness'

That is, prove that ifa and d are integers with d > 0 and if

Qt' rt, 42, and 12 are integers such that

a:dqr*r t  where0<rt<d

and

a:dqzlrz where0 <rz<d,

then

qr : qz and rt : 12'

Ul. Prove that rE is irrational.

Jf. Prove that for any integer a. 9 X @2 - 31.

ll. a. Use the unique factorization theorem to answer the fol-

lowing question: If the prime factorization of an integer

n contains /c occurrences of aprime number p, how many

occunences of p are contained in the prime factorization

of n2?
b. An alternative proof of the irrationality of rD counts the

number of 2's on the two sides of the equation2n2 : m2

and deduces a contradiction. Write a proof that uses this

approach.

'-. Use the proof technique illustrated in exercise 2 1(b) to prove

that if z is any integer that is not a perfect square' then tfi

is irrational.

al. Prove that A + .'6 is irrational.

* l-t. Prove that logr(2) is irrational.

N l- i .  Let N :2 .3 '5 '7 + 1. What remainder is obtained when

N is divided by 2? 3? 5? 7? Is N prime? Justify your

answer.

I X, Suppose a is an integer and p is a prime number such that

p I a and p | (a + 3). What can you deduce about p? Why?

11 . LetPr, Pz, Pz,. ' .beal istof al lpr imenumbersinascending

order. Here is a table of the first six:

l l  a.  For each i  :  1,2,3,4,5,6,  let  Ni  :  PtPz" 'Pi ' t  I .

Calculate Nr, Nz, N3, N4' Ns, and No.

b. For each i - |,2, 3,4, 5, 6, find the smallest prime num-

ber q; such that 4; divides N;.
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28. An alternative proof of the infinitude of the prime numbers

begins as follows:

Proof: Suppose there are only finitely many prime num-

bers. Then one is the largest. Call it p. Let M : pl * I'

We will show that there is a prime number q such that q > p '

ComPlete this Proof.

H *2g. Prove that if p r, Pz, . . . , ffid pn are distinct prime numbers

with p1 : 2 and n > 1' then Pt Pz "' p' * I can be written

in the form 4k * 3 for some integer /r.

t i< 30. Prove that for all integers n, rf n > 2 then there is a prime

number P such that n < P < nt.

(n!  :  n(n -  1)  "  '3 '2 ' l )

H 31. a. Fermat's last theorem says that for all integers n > 2,

the equation x" + yn : z' has no positive integer solu-

tion (solution for which x, y, and z are positive integers)'

Prove the following: If for all prime numbers p > 2,

xp I lp : zP has no positive integer solution, then for

any integer n > 2Ihat is not a power of 2' xn I !' : zn

has no Positive integer solution.

b. Fermat proved that there are no integers x, y, and z such

that x4 * ya : za. Use this result to remove the restric-

tion in part (a) that n not be a power of 2' That is, prove

that If n is a power of 2 and n > 4' then xn + y" : zn

has no Positive integer solution.

For exercises 32-35 note that to show there is a unique object

with a certain property, show that (1) there is an object with

the property and (2) if objects A and B have the property, then

A: B.

32. Prove that there exists a unique prime number of the form

n2 - l, where r is an integer that is greater than or equal

to 2.

33. Prove that there exists a unique prime number of the form

n2 +2n - 3, where n is apositive integer.

34. Prove that there is at most one real number a with the prop-

erty that a + r : r for all real numbers r. (Such a number

is called an additive identitY.)

35. Prove that there is at most one real number b with the prop-

erty that br : r fot all real numbers r. (Such a number is

called a multiplicative identity.)
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